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Man, What a Span! 


Cuba’s Cuyaguateje River Bridge Has Post-Tensioned Reinforced Concrete 
Box Girder with 299-Ft. Clear Span — Longest of Type in Hemisphere 
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@ Engineers in the Republic of Cuba continue to forge ahead with prestressed 
concrete bridge design. This span over the Cuyaguateje River, near Mendoza, 
is a post-tensioned structure of 299 ft. clear center span, with 43-ft cantilevers 
at each end. 


Believed to be the longest of its type in the Western Hemisphere, the center 
span is a two-cell box girder varying in height from 12 ft. 3 in. at the ends 
to G ft. 4 in. at the center. Depth-to-span ratio at center is 1 to 47. Roebling 
cables 1-11/16 in. and 1-9/16 in. diameter were used for post-tensioning. 


Prestressed, long-span construction was dictated by a number of reasons, 
all sound. Savings in concrete and steel meant low initial cost—competitive 
with other types of construction. Savings on maintenance include elimination 
of painting, of added importance under tropical conditions. Absence of 
piers avoids possibility of damage from cresting waters which carry much 
debris. 


Soundness of the prestressed design and its practicability from a con- 
struction standpoint are evidenced by this slim, graceful structure which 
bespeaks quality in every line. 
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SYNOPSIS 


Methods and principles used in designing the first full scale blast resistant 
structures tested at Eniwetok are presented and the test results are cited in 
support of the procedures outlined. Economic and other practical considera- 
tions are discussed Radiation hazards and methods of dealing with them are 
described 

Appendices are included which give detailed procedures for computing the 
blast loading, for designing individual structural elements and single and 
multistory buildings in both the elastic and plastic range for this loading 
for computing ultimate strength of structural elements and frames under 


rapid loading, and for dealing with some special problems 


INTRODUCTION 


Following the development of the first atomie bomb, our government 
initiated an extensive research program to determine how atomic bombs 
could be used to greatest military advantage, and, conversely, whether we 
could protect ourselves from their effects if used against us. Following the 
cessation of hostilities in Japan, survey teams from many countries probed 
into the rubble of Hiroshima (Fig. 1) and Nagasaki for statistical information 
about the damage capabilities of the first bombs. At the same time intense 
research programs were initiated to determine by theoretical analyses and 
physical tests how particular structures would behave under blast loads. — In 


many respects, these programs probably exceeded the scope of any single 


previous research program on building construction. The data accumulated 


in these tests have furnished useful information on the behavior of structures 


and materials under all types of loads, including atomic bomb blasts 





Fig. 1—Hiroshima, Japan 


The results of the research programs and the data from the Japanese in 
cidents indicated the high vulnerability of present buildings found in American 
cities if subjected to atomic attack However, it was also demonstrated 
conclusively by full seale tests that structures can be designed to resist the 


effects of atomic explosions 


CONSEQUENCES OF AN ATOMIC ATTACK 


The grim records of the Japanese incidents indicate* that up to 95 percent 
of the people within a radius of 14 mile, 88 percent within !) mile, 72 percent 
within #4 mile, and 55 percent within | mile might be killed as the direct 
result of an explosion of even a nominal (20 kiloton) bomb unless adequate 
shelters or warning are provided. Hach of the two Japanese cities subjected 
to the burst of a single atomic bomb was devastated to such an extent that 
despite conventional air-raid precautions, most of the uninjured and slightly 
injured found the disaster more than they could endure and fled panic stricken 
leaving the cities with the dead and more seriously injured unattended, Use 
ful productivity ceased for many months and both cities lapsed into a coma 
for the remainder of the war Because of these results and the greatly in 
creased capabilities of atomie and thermonuclear weapons since developed 
blast resistant protective construction has become a subject of critical im 
portance to the nation and of major concern for structural engineers 

That weapons so powerful that an entire city can be laid waste by the 
detonation of a single bomb are available in quantity is 4 sobering thought 

The question arises whether total destruction is inevitable in an atomic 
war or whether measures can be taken to alleviate this possibility. One 
suggested solution is dispersal of buildings and population As even the 
largest bombs have a limit in radius of destruction, such dispersal would 


reduce the damage resulting from any given explosion. This solution, how 


*The Effects of the m Jumbes alt shima and Nagasaki, Report of the is Miss t n BL His 
Majesty's Stat or 
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ever, would have had more chance of success if the bombs had remained at 
the relatively low energy level of those used in Japan, where severe damage 
was limited to a relatively small area. If dispersal were used as the only 


means of reducing the damage capabilities for present and future weapons, 


cities as we now know them would disappear, resulting in new, and perhaps 


insoluble, problems of daily transportation, communication, and production. 

An alternative protective measure would consist of combining limited dis- 
persal with an increase in the average blast resistance of structures in metro- 
politan areas. This approach would necessarily be limited largely to new 
construction, but at the normal rate of obsolescence and reconstruction, and 
by proper planning of much needed expressways and publie works, much could 
be done to improve our future chances of survival. To make this solution 
possible, adequate technical data must be available to civilian engineers and 
means must be found to encourage its use 


AIR BLAST EFFECTS 


The three most important phenomena associated with an above ground 
explosion of an atomic bomb are air blast, thermal radiation, and nuclear 
radiation fadiation phenomena are not involved in the determination of 
the required structural strength though these effects must be considered in 
the design of structures intended to offer protection for personnel. Such 
structures must have sufficient thickness of material between the occupants 
and the source of the radiation to reduce the intensity to a nondangerous 
level. Also, it is important that the structure be designed to minimize the 
fire hazard resulting from thermal radiation. However, in designing pro- 
tective construction, the dynamic loading caused by the air blast pressures 
is of primary coneern. The character and cost of construction suitable for 
resisting these blast pressures will depend on the purpose of the structure 
and on the nature and magnitude of the assumed blast load 


INTERRELATION OF LOADING, DAMAGE, PROTECTION, AND COST 
FOR ABOVE GROUND STRUCTURES 


It is obvious that the exact loading (depending on the actual energy level 
of the bomb and the location of the burst) to which any particular building 
may be exposed will never be accurately known except for buildings tested 
under controlled conditions. Any attempt to estimate a load based on possible 
enemy capacity and accuracy would appear futile. Even if a reasonably 
accurate estimate could be made of enemy capacity considering present day 
weapons, it would probably be obsolete in the near future due to the further 
development of atomic and thermonuclear bombs and of the methods of 
delivering the bomb to the target 

However, it is possible to arrive at more practical design criteria by study- 
ing the effects of various degrees of energy release on structures with varying 
degrees of resistance. The merits of providing or not providing protection 
against forces due to different energy levels can then be made to suit the best 
advantages of both the community and the individual client 





BLAST RESISTAI SIG 593 


At some distance from ground zero (the point on the ground directly below 
the exploding bomb) the weakest of conventional construction will withstand 
the blast pressures, this distance varying with the height of burst and the 
energy release of the bomb 

At some radius from a given burst the weaker of conventional buildings 
would be totally destroyed. Others of greater strength would stand and 


offer protection up to another shorter distance from ground zero This 


estimated area, based on extrapolating the effects of the Japanese incidents 
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Fig. 2—Increase in cost versus ground zero distance for a typical multistory building 
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might range from approximately 4 sq miles for a 20-kiloton bomb to an esti- 
mated 400 sq miles for a 20-megaton bomb. There is no reason to expect 
that average buildings in the United States (other than residences) would 
offer a resistance superior to those in Japan where many buildings were de- 
signed for heavy earthquake forces. The area within which severe damage 
would occur in the stronger buildings can be substantially reduced by even 
slight improvements in the best present conventional construction. As pro- 


tective features are added to make the area of damage smaller, cost of the 


added protection increases rapidly as shown by the cost-distance curve of 
ig. 2A 


This curve is based largely on the results of a cost study prepared to illus- 


trate the estimated increase in cost of construction of an eight-story reinforced 
concrete apartment building 51 ft wide. Shear wall or box frame construc- 
tion was substituted for conventional framing at the closer distances because 
much greater costs and permanent deformations would have resulted from 
the use of beam and girder or other conventional types of construction. The 
cost-distance curve and the damage area curves plotted in Fig. 2 indicate a 
typical relationship between cost of construction and increasing degrees of 
protection, and can be used as a guide for comparing cost of protection versus 
reduction in damage 

Protection beyond that provided by nominal improvements in the de- 
tails and arrangement of improved conventional construction involves an 
increase in cost which may be difficult to justify. If more and more pro- 
tection is provided, a point will be reached where the cost of adding pro- 
tection to all buildings over a large area will be greater than the value of the 
property which could be saved in case of bombing. Investments of this 
magnitude would obviously be impractical as they would result in an economic 
loss either with or without enemy action. 

However, within these two limits, 7.e., the low degree of protection offered 
by the weaker types of present day construction and the much higher degree 
of protection obtained at exorbitant costs, is a possible range of protection 
well worth considering 

The practical limits of protection for any given building depend on many 
factors such as the type of construction, its functional use, its strategic value, 
and its location relative to strategic targets. For example: 

Certain types of building construction can be given a great deal of protection at little 
cost and consequently will be more readily converted to protective designs than others 

Suildings erected for investment purposes presumably will not command increased 
rents unless the contents and personnel as well as the building are protected 

The government has an interest in protecting lives and maintaining operations at 
least in certain strategic buildings in the case of emergency even at a high cost 

In general, single large bombs may be used to destroy well defined strategic targets 
while the damage caused by more numerous smaller bombs used for general destruction 

of a metropolitan area would be limited to relatively small areas surrounding each burst 

This fact along with information on the population and production distribution permits 

the necessary studies of probable target areas. * 


*(ivil Defense Urban Analysis, TM-S8O1, Civil Defense Administration, Washington, D. ¢ 





UNDERGROUND STRUCTURES 


* have certain advantages in resisting the blast 


Underground structures 
effects of an air-burst atomic bomb. The earth fill over semiburied structures 
presents a more favorable silhouette to the passage of the shock front, thus 
minimizing multiple reflections and attendant pressure increases Structures 
which are entirely below the ground surface are even better in this respect 
The earth cover also absorbs some of the force of the blast although the 
amount of protection varies with the type, density, and moisture content of 
the soil. In most instances earth may be used to gain additional protection 
at minimum cost 

Kntryways should be arranged to shield the interior from direct nuclear 
or thermal radiation, particularly if there are no doors. This may be accom 
plished by one or more right angle turns, by making the entry passageway 
normal to the shelter entrance, or by constructing a passageway completely 
through the fill and open at both ends, thus avoiding a dead-end trap ol 
pocket. In the latter use, the entrance to the shelter would be at the center of 


and perpendicular to the passageway 


EVALUATION OF BLAST FORCE 


Most of the energy released by atomic fission acts to heat the surrounding 
air to extremely high temperatures. The rapid expansion of this heated ai 
exerts an enormous pressure on the surrounding atmosphere which move 
outward from the center of the explosion as a conventional shock wave Mhis 
wave is characterized by a virtually instantaneous rise to a peak pressure 
which quickly decays in intensity to atmospheric followed by a much | 
intense negative pressure phase. The intensity of the peak pressure, the 
variation with time, and the duration of the positive phase are of prime 
interest to the structural engineer These factors depend on the energy re 
lease of the weapon, the ground zero distance, and the height of burst (Fig 
3 Design to resist blast loads is complicated by the fact that it is the com 
bination of duration and the peak intensity which determines the destructive 
effects of the explosion lor example brick walls of thicknesses that were 
found to be effective in resisting certain short duration pressures caused by 
high explosives Ith england have collapsed inh Japan at appreciably lowes 


pressures under the longer duration of atomic blast This behavior can be 


“ 
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Fig. 3—Aijr burst geometry 


*Kirkpatrick, M. D Design of Be 
Atomic Age, June 1052 
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easily verified by simple calculations. It is therefore necessary, to produce 
a well balanced design, to have a reasonably reliable estimate of both the 
intensity and variation with time of the blast loads caused by nuclear ex- 
plosions 

Onee the energy level to be protected against is established by the selection 


of an appropriate bomb and ground zero distance, the impulsive loading 
curves for 


most types of rectangular structures may be approximated by 
the methods given in Appendix 1. These methods assume that the pressure 


Intensity reaches its peak value instantaneously and then decays to atmos- 
pheric at the end of the positive phase 


STRUCTURAL ANALYSIS FOR BLAST LOADING 


The analysis of structures subject to impulsive loads consists of applying 
the load to a structure and then determining whether the structure possesses 
sufficient strength to carry the applied load without failure. For conventional 
static loads, it can be assumed that the applied load and the internal forces 
are Closely balanced at all times and that the acceleration is negligible. Stresses 
and strains of the loaded member can then be computed on the basis of static 
equilibrium by equating the resisting forces, acting at allowable stresses, to 
the design loads 

In the case of rapidly or instantaneously applied loads, the internal forces 
resisting deflection will not be immediately and continuously equal to the 
applied loads and the resultant acceleration of the member o1 parts of the 
member will not be negligible. Furthermore, the load may be of such short 
duration that the statie strength of the structure may be less than the peak 
applied load without danger of failure. The maximum stresses and, more 
important, the maximum displacement, produced under blast loads are a 
funetion of the intensity of the applied force, the rate of application of the 
force, the duration of the load, and the particular variation with time of the 
applied force and the resistance. These stresses and displacements are gen- 
erally far different from those whieh would result from a static load of equal 
magnitude 

Dynamic loads of the type described above are usually of a secondary 
nature in conventional design and are covered by the use of impact factors 
However, even in conventional design, it is often necessary to make a rational! 
determination of the amplitudes of the transient vibrations caused by re- 
eiprocating or rotating machinery or by earthquake displacements Similar 
procedures can be used for blast resistant design 

An empirical design of a structure to resist an explosion could, of course, 
be attempted by making the building conform in strength to buildings that 
have withstood similar blast loads This procedure would not be effective, 
however, if the building being designed varied slightly in shape, orientation 
or wall openings, mass, or in the type and number of resisting members, all 
of which would affect the loading and the structural resistance to the loading 
Nor does the fact that the prototype building resisted the blast tell whether 
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some or all of its parts were stronger and consequently more expensive than 
necessary. For such reasons it is desirable to use analytical procedures that 
permit the design of buildings for specific degrees of resistance 


The analysis consists of applying the forces to the structure and calculating 


the relative motions or strains caused in the various members by these loads 


As in any dynamic solution, the problem becomes a question of force, mass 
stiffness, strength, and time. For the simpler cases where both the load and 
the resistance can be represented by simple mathematical expressions, analyti 
cal solutions are available. For most practical cases, however, the load is 
erratic in intensity and the resistance of the members is complicated by varia 
tions in internal resistance and by motions of the supporting parts and it Is 


advantageous to use numerical solutions. Besides offering a means of solu 


tion, the numerical methods are equally useful for providing a sequential 
picture of the action of the structure 


Yield, sliding, or other movement of the supports of beams, slabs, or wall 


members exposed to the blast forces or the motion of the footings that restrain 


the building frames from sliding or rotating will act to relieve the straining 
parts and must be considered in the design. A similar and very important 


effect is shown by the behavior of buried structures, an effect too important 


to be ignored because of difficulty in understanding its true action 

This behavior can be anticipated in the design by assuming that the earth 
acts as a heavy elastic medium in the transmission of the impulse to the 
buried structure. The pressures acting on the structure are therefore a function 
of its stiffness, mass, and resistance The initial acceleration of a flexible 
member may be so large that the initial impulse applied to the deflecting 


buried members is reduced in intensity in critical areas (such as at midspan 


of a beam or slab) and extended in duration thus reducing the damaging 
effect of the impulse. The weaker and or more flexible the buried member 


the greater the initial acceleration and the greater the reliel 


y 
As the resistance ol the structure would have to be computed not once. ua 
in conventional design, but in each of the successive time intervals, such 
analyses would appear to be extremely tedious when applied to the analysis 


of frames or other complicated structures. However if plastic motions are 


permitted, and such motions are usually needed to absorb the applied energy 


economically the analysis is simplified by the formation. of plastic hinge 


which make the structure statically determinate. As a result, the 


Cost ol 4 


dynamic analysis may be only a few times that of a conventional analysi 


while the Cost ol the drafting will not change 1 tailed methods of analy 


are given in Appendix 2 


STRUCTURAL DESIGN 


General 


Structural members must develop an internal resistance sufficient to stop 


all motion within the limits of strain prescribed for the particular design 


These limits may be determined by (1) the minimum strains which would 


cause complete collapse of the structure or (2) the permanent 


tram that 
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will not prevent continued use of the building for its intended purpose. In 


conventional design, stresses are maintained at some fraction of the yield 


stress and the structure or member returns to its initial position after the 
load is removed. For blast resistant structures, the load capacity depends on 
the peak strength developed by the member and on the ability of the member 
to sustain its resistance for a specific though relatively short period 

It is obvious that design by the usual method of allowable stresses will not 
indicate the ultimate impulsive load capacity of the structure. The energy 
absorbing capacity at yield will be four or more times the capacity at working 
stresses and that at failure may be 40 to 60 times as much. 
Flexural members 

The peak strength that can be developed at any section of a beam or frame 
can be determined easily by methods deseribed in earlier papers.* These 
methods are summarized in Appendix 3. For a simply supported or cantilever 
beam the flexural resistance will increase until yield is reached at the critical 
section of the member. If the member is strained further, a plastic hinge will 
form at this point, and the resistance will remain approximately constant for 
strains within the limits deseribed previously. If the beam is restrained at 
the ends, the resistance will build up at a rapid rate until vield is reached 
at the first critical seetion, then will increase at a slower rate until yield is 
reached at the other eritical sections, after which the resistance will remain 
essentially constant until failure occurs. Prestressed members will act in a 
similar manner except that they will have a shorter plastic range and will 
absorb less energy than members designed for the same loads using con- 
ventional steel 

The resistance of rectangular frames to lateral loads can be measured by the 
sum of the moment capacities at the top and bottom of the vertical members 
or by the strength of the horizontal restraining beams, whichever is weaker 

The load capacity of slabs is more difficult to estimate, but can be approxi- 
mated by use of failure-line theories. By use of these theories the motion of 
slabs can be expressed as motions of simple triangular or trapezoidal shaped 
elements having shapes determined by lines of constant moment formed by 
yield in the slab (Fig. 4 The strength and effective mass of these simple 
elements can be obtained easily. Having the total moments required by the 
external forces acting on these elements, the distribution of moments and 
arrangement of the steel can be made in accordance with reeommended 
ACT practice 


Limits of strain 

The maximum strains that can be tolerated in a structure after the blast 
will, of course, depend on whether the protection is intended solely to save 
the lives of the personnel or whether both lives and the structure are to be 
preserved, If the structure is to continue to serve its intended function after 
the blast, then it should not be damaged to the point where subsequent ex- 


*Whitney, Charles 8 Plastic Theory of Reinforced Conerete Design,” Transactions, ASCE, V. 107, 1942, p 


251 





Fig. 4 — Nagasaki, Japan, 
Medical College. Reinforced 
concrete storehouse 1400 ft from 
ground zero, second floor, 8-in. 
wall panel deflected by blast. 
Severe fire which destroyed con- 
tents may have caused some of 
the spalling of the wall column 


posure to the elements or normal working loads will cause an early failure of 


the building It might normally be expected that this criterion would 


allow only small plastic strains in concrete members and that possibly struc 


tural steel framing might be more suited to construction, permitting large 
strains. Actually, the experience gained in the structure tests referred to in 
this paper has proved that concrete members are capable of absorbing dynamik« 
strains as large as are likely to be economically advantageous. ‘These strue 
tures have withstood severe shocks without showing an alarming degree of 
damage 

However, if the structure is to remain usable or readily repairable, it should 
not be deflected or distorted enough to prevent operation of cranes, elevators 
and other equipment. 

It has been demonstrated by laboratory tests of simple structural members 
and by full seale tests of several test buildings that deflections up to 1/32 of 
the clear span can be tolerated im beams having 2 percent or less reinforce 
ment. Columns can sustain deflections of similar magnitude 

The effect of such large strains on the members are of particular interest 
teinforced concrete columns after being strained to maximum transient di 
placements of that order in full scale tests were cracked, but they were so 
sound that the first reaction of observers was that the expected large deflee 


tions were not experienced This feeling Was dispelled by the surveys 


Strength of materials 

Virtually all members in a structure subject to blast loads will be subject 
to forces causing both direct and flexural stresses Because conventional 
design methods do not permit a reasonable estimate of member capacity 
under such combined loads, ultimate strength design methods must be used 
to predict the behavior of these members. However, to accomplish major 
designs requiring the services of a large office staff unacquainted with plastic 
theory, it is possible to derive sufficient data from a limited number of ultimate 





600 JOURNAL OF THE AMERICAN CONCRETE INSTITUTE March 1955 


designs to prepare equivalent static load charts or tables to permit the general 
use of conventional procedures in particular design cases 

To make an accurate estimate of the strength of a structure, it is also nec- 
essary to estimate the maximum usable stresses of the various construction 


materials, On the basis of numerous standard tests, it may be expected that 


structural steel will have an average yield strength of about 40,000 psi and 
that intermediate grade reinforcing steel will have an average stress at yield 
of 50,000 psi. Iexeept where shear and bond control, the concrete strength 
for under-reinforeed flexural members is not important as variations in the 
concrete strength have only a slight effeet on the lever arm and moment 
capacity of the member 

Where the rate of strain is sufficiently high, the dynamic yield stress of 
most materials is substantially increased above the standard test values. Data 


relating to this strength are tabulated in Appendix 3 


VERIFICATION OF DESIGN METHODS BY FULL SCALE TESTS 


Because analytical and design procedures, however logical, are always 
subject to doubt until verified by tests, a full scale structures test program 
was prepared by the Office of Chief of Engineers, Department of the Army 

The test buildings were designed by estimating the expected pressure load- 
ings from the proposed energy level of the test bomb and then designing the 
various structures to withstand these forces with a specified maximum and a 
specified permanent deflection. Pressure, velocity, acceleration, and = dis- 
placement gages at critical poimts provided continuous records of the actual 
blast loading and the response of the structures with respect to time 

The tests ineluded typical examples of many of the structural materials 
and types of framing used in conventional construction 

Mlexibility, mass, resistance, and redundancy of the resisting members 
were varied in the different structures to widen the range of construction to 
which the test results would be applicable. The data also permitted a direct 
study of the effeets of atomic weapons on a wide variety of members and 
materials common to conventional practice. The structures which were 
studied and tested ranged from individual members and underground shelters 
up to full seale three-story rigid frame, shear wall and cellular above-ground 
buildings, including foundations, curtain walls, and floor and roof systems 

The structural behavior experienced in these tests is indicated by the 
maximum recorded displacements at the roof level of two windowless three- 
story buildings, one framed in steel and the other in concrete. The displace- 
ments at these poimts were within 20 percent of the values predicted by 
design computations. This consistency between computed and observed 
values, which was similar to the results obtained in other parts of this test for 
widely varying types of buildings, shows that structures can be designed 


to be adequate to withstand a given impulsive load with reasonable accuracy 





RADIATION AND FIRE PROTECTION 


fadiation* from atomic explosions are essentially of two types, thermal 
and nuclear. Protection against gamma rays, which constitute the most 
important type of nuclear radiation, is achieved by interposing shielding of 
sufficient mass and thickness to absorb and reduce the intensity of the radia- 
tion to less than the lethal dosage. Neutrons and alpha and beta particles 
are also emitted but are usually less dangerous 

Approximately one-third of the energy of an atomic explosion is released 
as thermal radiation. The distances in miles at which certain total thermal 
energies are delivered are given in Table | as they are affected by yield and 
visibility t The total radiation (thermal or nuclear) at any given distance 
Is directly proportional to the bomb vield, 7.e., 


vhere Y total radiant energy 


i} equivalent total energy vie ld of explosion 


Surveys of the bombed Japanese cities showed that crops and other vegeta 


T 


tion were completely burned out as far as 1000 yd from ground zero rees 


were fired, apparently by flashburn, up to 1! 5 milest and buildings in both 


Japanese cities were badly burned including many concrete buildings other- 
wise undamaged and of a type normally not subject to fire 


TABLE 1—DISTANCES IN MILES AT WHICH CERTAIN TOTAL THERMAL ENERGIES 
ARE DELIVERED RELATED TO YIELD AND VISIBILITY 


Visibility 4 miles Visibility 35-40 miles 
energy release 
3 cal per sq em 10 cal per sq cm 3 cal per sq em 10 cal per sq em 


20 kt < 0 
100 kt - Be l : 

| mt ‘ 2 10.0 
10 mt } 17.0 


aoa l 
1: 


It was demonstrated by these experiences that a large number of primary 
and secondary fires may occur simultaneously and that a firestorm is likely 
to develop in any high density area made up of inflammable buildings. People 
within such an area are likely to perish by suffocation if not from blast and 
burning. In view of this, methods of preventing and combating fires and 
limiting the spread of fires should be considered with the same degree of 
concern as is devoted to blast resistance 

Disastrous fires of the type described are most likely to occur in congested 
slum areas. The obvious first step is to clean out these areas, to substitute 
less congested and less flammable construction, to provide adequate fire- 

ta. The Effects of A eapons, Los Ala 

ington, 1). ¢ 

b. Lampson, ( I ation ¢ 


the Atom 


\ Blast an address b 
Medicine oO I 23, 1954, at h Annual In 


tReport of sritish 1 m to Japan (194¢ p 





602 JOURNAL OF THE AMERICAN CONCRETE INSTITUTE March 1955 


breaks for prevention of fire spread, and to provide ready access in and out 
of the stricken areas. These over-all steps are desirable and needed in most 
cities regardless of peace or war 

Individual fires may be initiated by spread from adjacent buildings, by 
damaged appliances, by convection from heated air, and by radiation, the 
bulk of the fires being caused by the intense initial heat radiation from the 
bomb flash.* 

Methods of preventing and fighting the individual fires, beyond dispersing 
the buildings and providing fire lanes and access routes, are the same as those 


used in limiting and preventing peacetime fires. For example, fireproof 


frames and enclosures help prevent the spread of fires both from the outside 
and inside of the building and thus help gain the time needed to fight the 
localized fires. Quick acting circuit: breakers for the electrical systems and 
street shutoffs for gas help prevent and control fires caused by damaged 
appliances. Wherever possible buildings should be of fireproof construction 
and should contain a minimum amount of combustible materials. Good house- 
keeping practices with respect to avoiding accumulation of waste paper and 
other kindling materials will greatly reduce the hazards of fire. 

However new factors are introduced. Sprinkler systems, for example, 
normally so effective against peacetime fire hazards, may be inoperative in 
the case of atomic blast due to water supply failures unless a separate static 
water supply with protected supply lines to the building system is available. 

In spite of the obvious difficulty of providing complete fire protection, it is 
encouraging to note from the Japanese experiences that fireproof buildings 
with window openings covered by shutters were not ignited by radiation, 
damaged appliances, or intense surrounding fires even though the shutters 
were blow off as soon as the shock front reached the building. It would 
therefore appear that much can be done to limit fire damage by use of the 
same materials and types of construction that are effective in limiting blast 
damage. Obviously, construction of this type would be equally advantageous 
in providing durable, low maintenance cost structures and might help pre- 
vent such peacetime losses as caused by the recent General Motors’ Livonia 
fire, 


*KReport of the British Mission to Jay 
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Appendix 1—Pressure* Loading Calculations 


FREE AIR AND BASIC INCIDENT PRESSURES 


The free air pressure caused by an atomic explosion in an infinite homo- 
geneous atmosphere is a function of the energy yield of the bomb and the 
radial slant distance from the bomb to the point in question. The pressure 
variation at any point in the path of the free air blast waves is similar to that 
shown in Fig. Al.1. 


When the pressure wave strikes the earth’s surface it is reflected and rein- 


forced. The magnitude of the reinforcement is a function of the intensity 


of the free air pressure and the angle of incidence at the earth’s surface (Fig 
Al.2). The resulting pressure will be referred to as the incident pressure for 
the given point at the earth’s surface. 

The peak ‘free air” overpressure in the shock wave as a function of the 
slant distance from an explosion of a nominal (20 kiloton) atomic bomb in 
an infinite homogeneous atmosphere is shown in Fig. A1.3. 

The duration of the positive phase of the pressure impulse is obtained from 


ig. Ald 


*All pressures in this seeti 
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Fig. A1.1—Typical free air pressure curve 
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(soo _ a a Fig. A1.3—Peak ‘free air'’ overpressure in 
shock wave as function of distance from atomic 
explosion in infinite homogeneous atmosphere 


: . From “Effects of Atomic Weapons," U. S. Government 
Fig. A1.2—Aiir burst geometry Printing Office, Washington, D. C., 1950 


c 


.. Ground Zero Distance 


Reflection coefficients expressing the increase in pressure intensity are 
plotted in Fig. Al.5 
The peak pressure intensity and duration of the positive phase caused by 


explosions other than 20 kiloton can be computed by the following sealing 
We’ 
20 
We’ 
20) 


radial slant distance from the « \plosion to the port in 


laws: 


where 


{ duration of positive pressure for 20-kt bomb 

y radial slant distance from the explosion to the point 
inder consideration 
duration of positi ssure for the bomb under 
equivalent energ le kt) of bomb under consi 


being the same for both ¢ plosions 


Since each bomb of a different energy level will have a particular “opti 


mum” height of burst that will cause the selected degree of eritical over 
pressure over a maximum range, this optimum height must be given or com 


puted for each particular weapon. If it is assumed that the point for which 
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Fig. A1.4—Duration of positive 

phase of shock wave as function 

of distance in infinite homo- 
geneous atmosphere 


From “Effects of Atomic Weapons," 
U. S. Government Printing Office 
Washington, D. C., 1950 
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the pressure is to be computed lies within the Mach pressure region, the in- 
cident’ pressure curve is defined by the modified Friedrichs formula* shown 
in Vig. AL.6 


a 
25.6 (2 0 


-t) 


) 


»py ’ 
| ind A i 
28.6) MW 


basic incident pressure in psi at any time ¢ 


peak basie incident pressure in psi 


total time in seconds of positive pressure 








° 


Fig. A1.6 — Typical incident 
pressure curve 


Time, seconds 


*Friedrichs. K. O Formation and Decay of Sho« es IMM-NYU-158, Institute of Mathematics and 
Mechanics, New York University, New York . ; 
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Fig. A1.5—Reflection coefficient as function of angle of incidence for shocks of different strengths 
From ‘Effects of Atomic Weapons,"’ U. S. Government Printing Office, Washington, D. C., 1950 
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FRONT WALL PRESSURES FOR WINDOWLESS STRUCTURES* 

When the shock wave strikes the front face of a rectangular structure 
another reflection takes place and the pressure on this surface is increased 
above the basic incident pressure and is given by Eq. (A1.5).1 

*Modified from Wind 


ment Printing Office, Was 


Cal surfaces or 
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2 (102.9 + 4p, ; 

, 102.9 + p, _ 
where p, is the basic incident pressure described above. If the reflecting 
surface were infinite in size, the ratio of reflected pressure to basic incident 
pressure curve would remain as given by kq. (AL.5 

secause the distance to the top edge or sides is finite, this ratio of pressure 
imcrease will be maintained only for the time ¢,, required for a signaling wave 
to travel from the point in question to the nearest free edge at a velocity 


equal to 


7 (A1.6 
i + 62) 


where a, may be assumed as 1120 ft per see and Z is the ratio of the peak 


reflected pressure to atmospheric pressure. After time ¢,, the pressure will 
decrease rapidly until a time ¢,,, when the pressure will be 
P (14.7 + ps) + - —~ 14.7 (AL7 
| ) (p. + 102.9)_ 

The time ¢,, is the time needed for the wave traversing the surface at a velocity 
of (.’ to travel either twice the height of the surface plus the distance from 
the top to the point in question or twice across half the width of the building 
plus the distance from the point to the nearest free vertical edge, whichevet 
distance is smaller. ©,’ may be computed from leq. (AL.6) if Z is taken as 
the ratio of the peak incident pressure to atmospheric pressure. The variation 
of pressure between 77, and 7?’?,, may be taken as 


/ 
p r Fad P,1) 
t te: 


After time ¢,,, the pressure may be approximated by 


f 
(A1.9) 
f 


where (is the time in question. A typical front wall pressure curve is shown 


in Fig. Al.7 


ROOF PRESSURES FOR WINDOWLESS STRUCTURES 


The exterior pressures on roof and exterior walls which are parallel to the 
direction of travel of the shock front are equal to the basic incident pressure 
except where affected by the turbulence which develops at the front and rear 
edges. The roof may be divided as shown in Fig. AL.S into a middle region 
in which the pressures are affected by front and rear edge turbulence, and end 
regions where the pressure may be assumed to be essentially equal to the 
basic incident pressure. The basic incident pressure also may be used for 
design of side walls for conditions where the orientation with respect to the 
explosion is fixed. This is the case only when the location of the burst can be 
reliably predicted 

For computing roof pressures, the roof can also be divided into bands 
perpendicular to the direction of the blast and having a length equal to the 
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Fig. A1.7—Front wall pressure curve 
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height of the building: (1) a front region where the pressures will be greatly 
disturbed by the turbulence at the front edge, (2) a middle region where the 


pressures may be affected to a lesser extent by the turbulence at both the 
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Fig. A1.8—Roof pressure regions Direction of Blost travel 
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front and rear edges, and (3) a rear region where the pressures will be affected 


primarily by the turbulence of the rear edge 


Kor buildings in which the length perpendicular to the shock front is equal 


to or greater than the height, the roof pressures can be approximated by the 
use of the curves in Fig. Al.9, The ordinate f; is equal to the ratio of the 
average roof pressure to the average value of the basic incident pressure. The 
average pressure is taken to mean the total blast force acting on a given section 
of roof as defined in Fig. Al.9, divided by the total area of that section cov- 
ered by the blast wave. The abscissa is given in units of 7 or 17/7’, the time 
required for the shock wave to travel over a portion of the roof equal in lengt! 
to the height of the building 

An empirical expression for the velocity of undisturbed shock wave travel 
(is given in Eq. (AL.10), where a, is as previously defined and Z, is the ratio 
of peak imeident pressure to atmospheric pressure 

62 
(A1.10 


hig. Al.Q is based upon an incident pressure p, of 14.0 psi but represents 
good approximation for shock strengths between 8.0 psi and 20.0 psi 

A more detailed discussion of the derivation of these loading curves from 
shock tube tests and data on other shock strengths may be found in the 
Princeton University Department of Physics Technical Pe port [[-11.* 
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Fig. A1.9—Average overpressure on roof, Z, = 0.95 
Adapted from Technical Report on Shock Loading of Rectangular Structures, Department of Physics, Princeton 
University, Jan. 1952 
*Bleakney, W Shock Loading of Rectangular Structures,"’ Technical Report 11-11, Departmen 
Princeton University, Jan. 1952 





REAR WALL PRESSURES FOR WINDOWLESS STRUCTURES 


Rear wall pressures may be obtained from Fig. Al.10 by multiplying the 


coefficients f, by the peak incident pressure for ¢ between O and ¢,/6 on 


tr, between 0 and 4, whichever is the lesser. Beyond this point, f, is multiplied 


by values from an adjusted incident pressure curve which is obtained by 
assuming that during the remainder of the positive duration, ¢ t, 6 o1 
t 1/1/C',’ whichever is the smaller, the pressure varies from 2,” to O 
according to the Friedrichs equation. Fig. A1l.10 is adequate for the same 
pressure range as Fig. Al.9 

To compute the pressure curves for various parts of the rear wall, the 
following points should be noted 


1. Taking the initial time ¢ Q as the time that the shock front strikes 
the front wall, the time of onset at various levels is determined by the length 
of the roof divided by the shock velocity plus the distance from the roof 
to the point divided by (,’, the velocity of sound behind the shock 

2. The peak pressure at the roof level and the base are reached at the 
same value and !5 the value 7, respectively, at which the maximum value of 
f, oceurs 

3. The peak values at the roof level and the base are about 20 percent less 
and 20 percent more, respectively, than the average values given in Fig 


A1.10. 
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Fig. A1.10—Average overpressure on rear wall, Z, = 0.95 


Adapted from Technical Report on Shock Loading of Rectangular Structures, Department of Physics, Princeton 
University, Jan. 1952 





JOURNAL OF THE AMERICAN CONCRETE INSTITUTE March 1955 


Appendix 2—Dynamic Analysis 


EQUATIONS OF MOTION 


In any single-degree-of-freedom system, the dynamic displacements of a 
mass under an applied load may be found by the application of Newton’s 
second law of motion. 

Newton’s second law of rectilinear motion of a rigid body acted on by the 
forces shown in Fig. A2.1 is given by 


V 





KF Rk mor 


where a acceleration of the mass 


F R weight 
m mass of the particle 


LOOT SE applied force 


a resisting force due to internal strain, frietion 





acceleration of gravity 











Fig. A2.1—Translational force 
system 


ete 
The corresponding equation for angular motion (rotation) of 


acted on by the forces shown in Fig. A2.2 is 
1 Vy 1,0 


a“ rigid body 


(A2.2) 


where all quantities are measured about the axis of rotation through O and 


7 FF r applied torque 
V resisting moment (for 
Fx=T ! 
0 example, the plastic mo- 
ment at the end of a 
cantilever beam) 
V, net unbalanced 
moment 
Fig. A2.2 — Rotational force system moment of inertia about 
the axis of rotation 


a) angular acceleration 


EQUIVALENT MASS FOR DYNAMIC ANALYSIS 

The value of the mass used in the equations of motion treated above is 
equal to the actual mass of the structure only if all elements of the mass 
move as a unit, in which case the entire mass may be assumed to be con- 
centrated at its center of gravity 
a 
unit under a load applied through its center of gravity, or any rigid structure 
or struetural element in which all the particles have the same translational 
acceleration, velocity, and displacement at all times 


Typical examples of such cases would include a rigid body sliding as 


In the case of a multi- 
story building, in which all distortions except those caused by story shears 
can be neglected, the displacement of each floor can be found by writing 
an independent equation of motion for each floor mass and solving them 
simultaneously 

In other cases, however, the assumption of uniform motion of the entire 


mass cannot be made without serious error. This is true for members with 





Fig. A2.3—Structural members FE 
and equivalent one-degree-of- t 
freedom system fa 
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uniformly distributed mass which bend or rotate under the load. In each 
of these cases the motion of the particles of mass varies along the length of 
the member Seams, slabs, or other flexural members, in which the mass ts 
distributed more or less uniformly along the entire length, actually have an 
infinite number of degrees of freedom. However, even in these cases, the 
equation ol motion for a single particle may be used in the same manner as 
above if the actual mass is replaced by an equivalent mass, m,, the mass 
of an equivalent one-degree-of-freedom system 

The value of the equivalent mass for dynamic displacements in the elastic 
range may be computed by relating the primary mode of vibration of the 
member to that of an equivalent single-degree-of-freedom system In big 
A2.3 the mass m of the beam can be represented by an equivalent concen 
trated mass m,, supported by a massless spring. In order that the two systems 
be equivalent, the deflection of the concentrated mass m,, under the action 
of a dynamic load F,, must be equal to the deflection of the midpoint of the 
beam under the same load. This may be done by assuming the spring con- 
stant A equal to the static load-deflection ratio of the beam at the centerline 
and by making the natural period of the analogous single-degree-of-freedom 
system equal to the fundamental period of vibration of the beam by reducing 
the actual mass m of the beam to an equivalent mass mm, 


The above discussion may be greatly simplified when applied to members 


in which plastic hinges have developed. For example, in the case of a simple 


beam, it is assumed that the bending resistance at the eritical point will 
remain constant after yield is reached at that point. Consequently neither 
the moment nor the curvature will change along the length of the member 
which will then act as two rigid links supported at the ends and hinged in the 
center (see Fig. A2.4 Similar conelusions may be drawn for slabs in the 


plastic range. A continuous beam will behave in the same manner after 


f—_— —— Elastic 


Plastic Hinges @ Ends 


Fig. A2.4 — Development of i te Plastic 
plastic hinges in beam 
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above may be written as 


Vv, +M, 
I, the 


and since 
L 


ae eee oe 
LL 
where the equivalent mass m, is defined by m Tap/LL 
For a rectangular beam or one-way slab under uniform load J 4; 
L./2, and m, 2/3 m 
For a concentrated load / Land m, 
Values of the equivalent mass for various types of members in 
A2.1 


are given in Table 
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both the 


Ly 


plastic and elastic range 





TABLE A2.1—EQUIVALENT MASS 


Member m. 





Elastic Plastic 





jeam or one way slab 

uniformly distriouted load 
Restrained at supports 766 0.667 o 
Simple at supports -7300 m 0.667 m 


Beam or one way slap, 
concentrated load at center 
Restrained at support 


Simple at supports 
Rectangular 


* 
uniformly distr 
Restrained 


simple at 














SOLUTION OF EQUATIONS OF MOTION 


When F and PR or T and M are known mathematical functions of time ot 
displacement, an expression giving the displacement of the mass m as a 


function of time can then be obtained by integration of the single-degree 


of-freedom equation of motion, Eq. (A2.1) for rectilinear motion, and Eq 


A2.2) for angular motion. For the case of building structures subjected to 
atomic bomb blast pressures the applied pressure force F, and often the 
internal resistance /?, usually vary in such manner that it is impractical to 
obtain analytic solutions for the displacement except for the most elementary 
structures or by use of sweeping simplifications. For these more complicated 
cases the equations ol motion can be more readily solved by numerical inte 
gration 


In numerical methods of computation, the impulse curve representing the 


applied load is divided into a convenient number of short time interval 

and the response ol the structure is calculated in each of the Lec ive time 
intervals by step-by-step computations. The step-by-step method has the 
further advantage of showing the behavior of the structure throughout the 
motion It pro ides a clear and continuous picture Ol the etlect ol each 
variable so that each may be considered and simplified separately in aecord 
ance with its particular importance. It also permits making modification 

in the individual factors during the course of the response to suit the changing 
conditions of behavior in the strueture. For example, in the case of building 
frames, It permits changes in the lateral stiffness and strength caused by yield 
of members, by variations in axial load, and failure of isolated member 

It also permits changing the loading when the walls rece Ing the blast pressure 


fail 
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Several methods of numerical analysis permit this advantageous treatment 
of the problem, all requiring approximately the same amount of design time. 
The three main ones are (1) direct numerical integration of Newton’s 
equations of motion, (2) finite difference theory, or (3) semigraphical inte- 
gration. Although there are many variations in the detailed methods of 
application of these approaches, the ones presented below have been found 
to achieve a reasonably accurate solution at an acceptable design cost. The 
first is the more suitable for slide rule computation and the second for use 
with a standard automatic desk-type computing machine having a cumulative 
multiplication arrangement. The third method will be useful to engineers 
who prefer the graphical approach and in special problems where the elastic 
response curve can be readily established or where it can be standardized 
for several computations. 


A time interval of about Vg the natural period of vibration (7') is recom- 
mended for use with the following step-by-step methods in the elastic range, 


at transitions, and for as many points in the plastic range as may be required 


to cover one plastic range time interval beyond the yield point. In general, 
the plastic range time interval should be such as to allow about ten points 
in the plastic range (B to C of Fig. A2.6). However, the time interval should 
also be sufficiently small to define accurately the loading curve which may 


be of an irregular shape 


Impulse-momentum method 


Newton’s second law of motion states that the change in momentum of 
a mass is equal to the applied impulse or, expressed mathematically 
(F — R)(AD = m (a4 rp) 
At 
(hk R) 

wi 

average net force acting on the mass during the time interval 

time interval of a small, but finite duration 





RESISTANCE 

















Xe 


DISPLACEMENT ig. A2.6—Resistance function 





RESISTANT DESI 


i velocity at the beginning of time interval n to n 
I velocity at the end of the time interval 
From this it follows that the displacement 


ry I rzat 


(A2.5 


where « is the average velocity in the time interval or, assuming a constant 


average acceleration 


Trial-and-error solution 


If the resistance is a function of the displacement and the applied force a 


known function of time, then the above equation can be solved by trial and 


error. First a series of time intervals are chosen small enough so that the 
force, resistance, and acceleration can each be considered 


constant during 
the interval within the limits of error of the computation 


Then, for each of 
these small time intervals the average force F is obtained from the force 
time curve and an average resistance / for the interval is assumed 

stituting these values for F and F in the impulse momentum equations 
displacement v,4+, 1s then caleulated 


Sub 

the 
The resistance R assumed for the step 
should agree with the value of R that is consistent with the computed dis 


placement If the caleulated and assumed value of 2 are not in agreement 


TABLE A2.2—TABULAR ARRANGEMENT OF COMPUTATION 





7/8191 100 


R R 


calc calc 


a. 
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then a new value of /¢ is assumed for the time interval in question and the 


above process is repeated. When the calculated and assumed values of & 
agree, the analysis is then advanced to the next time interval. The analysis 
is continued until the maximum displacement is determined 

This analysis is easily performed when set up in a tabular arrangement 
such as that shown in Table A2.2 


Direct solution 


If the resistance F# is a linear function of the deflection «2, Iq. (A2.6) can be 
solved without using the trial-and-error procedure described above. R&R, the 
average resistance of the system for the time interval f,4, — ¢,, can be replaced 
by 14 (Ri+, + R,), the average of the resistance at the beginning and end 

the time interval. Iq. (A2.6) then becomes 


Rk ? ; . = 
J t Ih : t \ i A2.7) 


If the variation of resistance with deflection is of the form shown in Fig 
A2.6, Ri+ hy ¢n¢y and RP, ky xc, between point O and point A. Sub- 


l 


stituting these values in leq. (A2.7) and solving for z, we obtain 


1, 


bin 


setween point A and point B 
Radi ke (a 1) +h ‘ 
und R ke (2 ra) + ki 2a 
Substituting these values of FR in Iq. (A2.7) and solving for 2,4, we obtain 
sf 


(/ 
9 





TABLE A2.3—TABULAR ARRANGEMENT OF COMPUTATION 





e 5 16/7 10; II 14 
-D F-R| Ax| x |x| Ax 
























































For values of x greater than zz, I, 


Int 


W here h 
9 


As in the case of the trial-and-error solution, this analysis is most easily 


performed when set up in tabular form. <A typical computation table is shown 


in Table A2.3. 

When 2,4; is & maximum, the computations have been carried the 
point C of Fig. A2.6. Subsequent values of z,4, will lie in the reversed 
(A2.7) by setting 


mf 


elastic range, C—D, and can readily be computed from hq 
Ki, 1 R, k (2, Fa+1). 

In most applications, sufficient accuracy may be obtained by using a time 
interval Af 7/8 for the elastic range, where 7' is the fundamental period 
of vibration of the member. For the plastic range the time interval may be 
increased. Approximately ten intervals between the time of yield and the 
time of maximum deflection are generally sufficient 


Finite difference method 
If in Kq. (A2.1), F(t) (a mz, £1s replaced by ‘the first terms of 
its central difference expansion and operated upon by the difference operator* 


it becomes 


Fit res) 2s (: : Jw 
At 144 


Neglecting sixth difference terms, this reduces to 


(A2.15 





It is Important to note that the use of the operator (1 t has yielded 
12 


a difference equation, In which no operator ol order gpreate! that 6 appears 


when sixth difference terms are neglected, and yet which yields the same 


accuracy as if 64 were included. It should be noted that the operator (1 ; 


*Whitney, C. 8., Anderson, B. G., and Salvadori, M. G 
of Earthquake Resistant Structures,"” ACI Journsa., Sept 
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will achieve this result only for a second order differential equation with the 
first order term missing 


Performing the operations indicated in Eq. (A2.15) and solving for 2,44, 
we obtain 


wr 
(fh + 10K 


12m 


24 I 


t (2.16) 
keg. (A2.16) is the most general finite difference expression for determining 
fn4, Wo the equivalent mass and F,—;, FR,, and R,+,; are known or can be 
expressed as functions of time or displacement 

Consider a typical single-degree-of-freedom structural element whose 
resistance displacement curve is that of Fig. A2.6. In the elastic 


range, 
O-A, R, kia,, and 


\/ : 24m 1O/ \/ 
(hf + 1OF, + F ) + (A2.17) 
l2m +k, At 12 +k, At 


FATT) 


The computation of 2,4, from q. (A2.17) is started by utilizing the initial 


: ry ie 
conditions (1 Q and (2) x, () 
ZA ft 
can be seen that x, ry. Substituting the initial conditions in Hq. (A2.17) 
permits the computation of zy as 


From condition (2) it 


10K.) (A2.18) 


After 2, has been computed from Kq. (A2.18), the calculations are continued 
with the use of Iq. (A2.17) which yields suecessive values of w,4:. Hq 
(A2.17) is used until the w,4, exceeds xy 
When 2,4; Is greater than 2,4, subsequent values of «,4, will lie in the 
range A-B. An expression for computing these x, 4; can be readily obtained 
by substituting 7,4, ra (ky ko) + ke tn41 in Eq. (A2.16). For all other 
points for which the n» 1, n, and n + 1 times fall in the range A-B we 
obtain Iq. (A2.19) for computing successive values of x, ., in the range A—B 
by substituting 7, ra (ky ho) + ko x, in Eq. (A2.16 
\/ 24m — Ok, At 
one Y ky SD + 12m 
ra (/ (A2.19) 
12m 
Ig. (A2.19) is used until 2,4, exceeds x2, and is in the plastic range B-C. 
It can be computed from Eq. (A2.16) by setting PR, +, Ry. Performing 
this substitution we obtain the transition equation 
a (I + 107, + F 4 (Ry + 1OR, +R t+ Qu (A2.20) 


12 12m 


(Note that m in the above equation should be the equivalent mass at f 
or the next step F,, Ra+1 Rp, in Kq. (A2.20). 
For all subsequent points in the range B-C, Eq. (A2.21) is obtained by 





TABLE A2.4—TABULAR ARRANGEMENT FOR 
COMPUTATION 





F 




















substituting /? I 
Lf \ / 
/ LOF / 4 A221 


12 


hq. (A2.21) is used until a so computed is less than the preceding 


that is, until the maximum positive displacement a 
¢,+1 Will le in the reversed elastic range, 


has been reached 
CD, and 
/ 


Subsequent values of 
computed Irom hg (A2.16) by setting FP R 


For all other points for which the n land n + 1| times fal 


‘an readily be 


L Me 
in the range CD), x, 4, is obtained by substituting R I I 


in Hq. (A2.16) 


(A2.22) 


The computations for « should be tabulated as in Table A2.4 If the 


calculations are done on an automatic desk type calculator which can multiply 


accumulatively and negatively, only values of 2,4; need be recorded 


To systematize and speed the calculations a computing Irame, like that 


shown in Fig. A2.7 is an invaluable aid. D, a, b, and ¢ are constants depending 
on the particular form of the finite difference equation being used 


Table A2.4 so that the values of F / i 


The frame is placed on 


shown in the open area Successive multiplication 


! he and i appear as 
and algebraic additions of the products of the constant 
I plus the constant J will vield the value 


open 


on the frame and 


the opposite values of «2 and 


n+, Which are then recorded in the lower right-hand portion of the 


area. After one computation for a has been performed, the frame is moved 


down one line and the process repeated 


Semigraphical method * 
resistant design can be most readily 


Many problems in blast 1 


means of grapical methods ol the type described briefly below 


tted to ( 
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Fr-| 
Fh, 


Fn+t 











Xn4,2> D+ Q(F,_, +1OF, +Fa4,) + bDxn-, + CX, 











Fig. A2.7—Computing frame for single-degree-of-freedom system 


The theoretical resistance-displacement and resistance-time relations for a 
typical one-degree-of-freedom system subjected to an instantly applied 
constant foree are shown in Fig. A2.8. The difference between the applied 
load and the resistance at any time divided by the equivalent mass is equal 
to the instantaneous acceleration at that time. It therefore follows that 
between any two times ¢, and ¢,4, the area between the load curve and the 
resistance curve divided by the equivalent mass is equal to the change i 
velocity during the time interval t,4, te 


If we consider area A to be positive and area B to be negative and the 
initial velocity of the system is zero, the summation of area up to any time 
divided by equivalent mass equals the instantaneous velocity at that time 
and it can be seen that the maximum positive velocity occurs at time ¢, At 
time ¢, the areas A and B being equal, their sum and hence the velocity, Is 
zero and thus this point also marks the time of maximum positive deflection 
of the element. The maximum displacement may be found by multiplying 
each differential area divided by the appropriate equivalent mass, by its 
distance to ¢,, and adding these values algebraically. Iexpressed analytically 

*/ 


| f 
(} Ie) (ty t) dl (A2.23) 
ve 4 


Resistance / _~ Resistance 








Uff, 








By 
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~ DISPLACEMENT te 


- 
TIME 


Fig. A2.8—Resistance-displacement and resistance-time curves for one-degree-of-freedom system 





The integration can also be accomplished by obtaining areas A and B graphi 
cally and multiplying each by the time interval between its centroid and the 
zero velocity. Algebraically 


1 Aty B 


time ol 
(2.24 


The deflection at other time may be computed in a similar mannes 


For maximum deflection, the procedure may be varied by using either area 


any 
A or B and the time interval between the centroids of these areas as follows 
\ ty KS (Aty At; 
vii 
To use this particular graphical method it Is necessary to first determine 
the elastic time-resistance, or response curve 
load A2.8 the 


The response curves for othe: types of loading 
load 


In the case of the instantaneous constant shown in Fig 
response curve is sinusoidal 
may be approximated by the superposition of instantaneous constant 
of different magnitude and starting at different times 

MULTISTORY BUILDINGS 
Equations of motion 
loads 


Considet 
Pit 
function of the relative displacement between the adjacent floors 
The abo © wat 


the floor system will usually 


an .V-story structure on a rigid foundation subject to blast 


concentrated at each floor level, in which the shear in any story 


and inter 


action between stories can be neglected sumption valid for 


frame structures in which, for practical reasons 


be stronger than the columns 


floor 


mass concentrated at the? 
stiffness of the 2 stor between 
the « and | 
ured by the 


to displ wee the 7 


i”: 
5 
k 


5 


floors a8 men 


shear in the 7“ stor 
floor 


HeCeCSSHAT 


= 
« 


by ore mut relative te the 
] floor 


ibsolute horizont il displ LCeTne 


Position 


4 
~ 


e 


it time f 


c 


i floor at time ¢ 


xX 


Referen 
4 
' 
=x | 
rs 
3 
- . 
| 


Applying Newton’s second law to 


the force system acting on the 7 mass 
A2.9b 


(see big denoting the shear 


" floor 


Istance below 


resistance developed above the; 
by R 
the 7" 


,»and the shear res 
floor by FP? we obtain 
R Py 

\ (2.26 
measured from the in- 


load 


the building starts to move 


If time is 


stant the blast applied and 


each Wiis 


Fig. A2.9a—Distorted position of idealized 
five-story building on a rigid foundation 


Ri+) 


i 

P(t) —— a a 
ed 
Ri-} 


Fig. A2.9b—Forces acting on ith mass 
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m,is initially at rest. These initial conditions may be expressed analytically as 


r, (0) = x, (O) = 0 i = (1,2 V) (A2.27) 

The N unknown displacements 2,(t), which completely define the motion 
of the structure, are determined by a solution of the N simultaneous linear 
second order differential equations (Iq. A2.26) and the application of the 
2N initial conditions (lq. A2.27 

If the shear resistances R,—, and /,;; are either known analytical functions 
of x, %41, and z,;-,, constants, or independent functions of time, and if 
P(t) can be expressed as a function of time, the equations (Eq. A2.26) may 
be solved rigorously by any of the classical methods. However, even with 
P(t) expressed analytically, the rigorous solution of the equations (hq 
A2.26) becomes exceedingly laborious when N exceeds 4 or 5. For the large 
number of cases when it is difficult or impossible to write analytical load- 
time and resistance-displacement or time functions, it becomes mandatory to 
resort to numerical methods for the solution of the equations. The numerical 
methods required for the solutions of the equations (leq. A2.26), which are 
presented in the following paragraphs, are merely extensions of the impulse- 
momentum and finite difference methods developed on pp. 616-621 for single- 
degree-of-freedom systems 


Rotation and sliding 


Let us consider a general position of an N-story structure whose foundation 
is translating and rotating about the point O, and which is subject to blast 
loads P(t) concentrated at each floor level (Fig. A2.10 

Assuming the oscillations to be small, such that sin 0 = tan 0 = 0, and cos 
0 = 1, we obtain on applying Newton’s second law to each of the masses m 

may = Re R—-1 + Pi) (i = 1,2, ...N) (A2.28) 
where Ry4, and R,-, depend on the z;, and hence are functions of z,, 0 
and the a, (1 = 4 \ 

Mquations (Iq. A2.28) yield N equations in the N + 2 unknowns 0, 4 
and x, (2 l, Z, N We obtain the NV + 1 expression from the equation 
of motion in rotation which requires equilibrium of the moments of the 
inertia forces and the external forces about the centroidal axis of the base 
Note that it has been tacitly assumed that the structure will rotate about 
the point O, the centroidal axis of the base, indicated in Fig. A2.10. This 
assumption is true only for a fully elastic foundation As described later 
the numerical solutions may be readily modified to account for foundation 
plasticity and temporary “instability.”) Calling moments and rotations 
positive when clockwise, we find the moments about the axis through O to 
consist of the following terms: 

Ly my xi, (i 1, 2, \), due to the translational inertia force of each 7 mass 
+ LL; Pt), (i i, 2 V), due to the blast force concentrated at each mass 
1; 6 due to the rotational inertia force of each mass 


B © due to the elastic resisting moment supplied by the foundation 
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O,Axts of Rotation 
Fig. A2.10—Distorted position of idealized building on a nonrigid foundation 
Hence the equation of motion in rotation beeome 
> Lin 
which can be 
y Li (R 


To obtain the nec ur) \ 


Yi equation Wwe hy) 
the mass of the foundation m Applying Newton’ 


for the motion of the foundation 
he 

where uy » FF, repres 

and 7m >0m:.L;0 


tical components of 


contribution of the 
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Total average calculated resistance 
during At = Ri +Rj,y 





Average resistance of columns 
supporting floor above 

Ria)" '+(Rj 4) 
Average resistance a Je 


Calculated resistance of columns 
supporting this floor 


z Ax- Ax; ,= Total deflection of 
this floor relative to floor below 


Change in deflection of this floor 
relative to floor below during At 


Change in deflection of floor 
below during At 


(x) (xy ‘Ss Ax 


Ax x At 


Impulse = (P.- R)At 


Net translational force 
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Chosen time stations 














* Analysis completed at time ts 








(for small angles) in comparison with F/, and can be neglected Here 
obtain for the motion of the foundation 


We R + P(t TP> 


Method No. 1—Impulse-momentum solution 

If the NV equations (Inq. A2.26) are rewritten in the form 

P(t) k R md 1,2 \ \2.33 
we obtain V equations for determining the motions 2, (4), each of which has 
the same form as Iq. (A2.1) which applies to single-degree-of-freedom 
systems. Hence by a direct analogy, the V impulse-momentum equations 
for determining the motion of the multistory structure are found by replacing 
F by P; and R by R R In eq. (A2.6) as follows 

lAt 
R \ \2.34 


” 


” 


If the PR, are known analytical funetions of the v the substitution of these 


functions in each of the equations (lq. A2.34) vields V simultaneous algebrate 


l 


equations in terms ol the a 

If the R,; cannot be expressed as analytical functions of the or other 
reasons make it impractical to utilize a simultaneous solution, the V equation 
Kg. A2.3 may be solved by a trial-and-error procedure similar to. that 
outlined on pp OH16-619 Values of FP? R in each of the equation 
are assumed and the corresponding 2, (7 1,2 V) computed. New 
values of each of the 72, are then obtained from the resistance funetions using 
the computed 4 If the new values of I?,+, R, y are not consistent with 
each of the assumed P? he then the trial procedure is repeated unti 
adequate agreement is obtained. This analysis is most easily performed 
when the displacements resistances, and applied forces are tabulated a in) 
Table A2.5, there being NV tables of this type 


Method No. 2—Finite difference solution 
Noting the similarity between So. and leg A2.1 the NV finite 


difference equations corresponding } 2.33) may be written as follow 


LO}? 


for determining the motion of the structure 

If the FF 1 and F; are known analytical functions of the a we obtain A 
simultaneous algebraic equations with the v,; as unknown by substituting 
these functions in each of Iq. (A2.35 These resulting expressions when 
solved simultaneously yield V expressions for computing the VO unknown 


n I 


Jf 


Method No. 3—Method of modes for multistory buildings 


Determination of the motion of an N-story building by an application 0) 


Newton’s second law to the lumped mass at each level has been seen to lead 
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V simultaneous linear differential equations. For buildings of 
many stories a solution of these equations is both difficult and time con- 
suming. If, however, the motion of the system is expressed in terms of 
generalized coordinates and the normalized amplitudes of the modes of free 
vibration of the building, it is possible to reduce the calculations to the solution 
of N single-degree-of-freedom systems or separate differential equations. If, 
moreover, the contribution of the higher modes to the motion of the building 
is small and can be neglected, the motion of the system is determined by 
less than N separate differential equations 


Revised equations of motion 
The dynamic displacements 2,(f) of a strueture subjected to blast forces 
may be expressed* as 


(/) > % (4) g,U 2 36) 
oe } 1) - 
] 


where @,(7) are the normalized amplitudes and q,(f) are the generalized 
coordinate 

By use of Mq. (A2.36) and Lagrangian equations of motion 

d al a7 at ov 

dt dq, oq, ; oq, oq 
where 7’ is the kinetic energy, V the potential energy, and W the work done 
by the external forces, a general equation of motion is obtained for each of 
the 7 modes (j | \ 


Where 7’, is the applied load at the 7 th floor 
Letting B, (1) 


Gir Us 4% Ij - (2.39) 


The N equations (eq. A2.39) are the separate differential equations which 


must be solved to evaluate the motion of the system. After the g; are evaluated 


from hq. (A2.39) they are used in Iq. (A2.36) to compute the various a 


hq. (A2.39) applies to the original elastie structure and to all elastic seg- 


ments of the structure separated by the formation of plastic hinges, providing 
appropriate values of @, and w, are used 


The initial conditions on qg; are obtained from the initial conditions on the 
x, and the use of Iq. (A236 For example, for rest conditions, 2,(0 
r,(O) 0 we find from Hq. (A2.36 

q(0) = 4,(0) = 0 

Elastic foundation Vhus far it has been assumed that the story masses 
underwent horizontal motion only. This assumption is valid when the 
foundation material is infinitely rigi When the foundation is elastic, the 


*von NKaérmaén, Theos 


Co., Ine New York 





building will also rotate about an axis through the centroid of the base and 
perpendicular to the direction of motion as shown in Fig. A2.10 


For this case, the following equation of motion may be obtained 


2 PY 2 12.40 


where qx, 2, and y are the modified generalized coordinates, frequencies 


* 


and modes of a building rotating elastically about the centroid of its base 


Unsymmetrical roof loading Whew : tructure supported on an elasti 
foundation is subjected to impulsive vertical loads having a moment /, 
about the centroid of the base, an additional term must be added to hg 
A2 10) by considering the work done by the moment ‘inl additional! 
generalized force due to the moment 

anv 
0) Van ¢ 


a 


and the equation of motion in terms of the gene ralized coordinate become 


x PY + Mp 


This analysis Is valid only when the building can be conside red is rotating 
about an axis through the centroid of the base Chis may be approximately 
true when the foundation is in compression throughout at a unit pressure 
less than the yield value of the soil. When tension or pressure exceeding the 
vield value of the soil are indicated by the preceding analysis, equilibrating 
forces to balance the tension and/or excess pressure must be added to the 
solution These equilibrating forces can be treated as external fore without 


modifying the analysi 


Develo yment of plastic hinge 
/ / / 


The preceding may be extended to include cases where plastic hinge 
develop in a building In considering such a building it is clear that the 
plastic hinges divide the building into a number of smaller structures, each 
with its own modes and frequencies of vibration (see Fig. A2.11 Pherefore 
the analysis on pp. 628-629 can be applhed to each of the “substructure 
once the equations of motion are modified to ine lude the effect of the pla ti 


resistances 3 7 and thre proper initial condition con ile red 


Vethod of “substructure 


kor large buildings the determination of the mode and Prequenes Is quite 
cumbersome and the solution Ol uch strueture hecomes ¢ ceeding vy difficult 
It may be desirable, therefore, to replace the total structure by a few small 
“substructures” each with a reduced number of degrees of freedom and solve 


the motion of each ! vy while considering the effect of the other idiacent 


“substructures” upon ' f a trial-and-error solution 
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Fig. A2.11—Typical elastic substructure with 
Sp (c +r) — plastic story at each end 

















Fig. A2.12—Plastic hinge at foundations 


So 


Translational motion of the foundation can be treated as that of an ad- 
ditional story subject to a frictional or other resistance S, at the ground 
(Fig. A2.12) 


Strain reversal 

The equations and conditions of strain reversal are the same as those 
previously developed once the new initial conditions are established and a 
correction applied to the deflection «2, to account for the relative permanent 


1 


set of all floors below the 7“ floor 


Flexural structures 

The preceding methods of analysis for multistory buildings have been 
derived for the case where shear displacements govern. Where the dimen- 
sions and type of construction are such that flexural distortions govern, 
similar methods of analysis, both in the elastic and plastic ranges, may be 
derived in terms of the normal modes* of vibration 

*Thomson, W. T., and Cheney, J. A., “Response of Elastic Beams to 
Department of Engineering, University of California at Los Angeles 


Bleieh, H. H., and Salvade MOG Impulsive Motion of Elasto-Plastic Beams 
No, 287 





RESISTANT DESIGN 


Appendix 3—Resistance Functions and Ultimate Load 
Capacity 


GENERAL 


The equations of motion were set up to include the effect of the mternal 
forces, FR, resisting displacements of all or parts of the structure. This resisting 
force may consist of friction resisting sliding motion or internal forces resist 
ing bending strains. The resistance selected will be such as to limit. the 
maximum deflection to the amount permitted by the design criteria, Th 
resistance function to be used in the analysis is determined as follows 

When a dynamic load is applied to a structural element the element will 
immediately start to deform and at any instant will exert a resistance to 
further deformation that is a function of its stiffness, and the amount of 
deformation, and it will also be limited at larger deflections to its ultimate 
strength. This resistance ? of a structural element is a reactive force result 
ing from the deformation the element has undergone as a result of the applied 
load It is convenient to consider this resistance as an equivalent load in the 
same manner as the applied load, but opposite in direction. Within certain 
limitations the resisting load may be determined as a function of the displace 
ment of the point of maximum deflection. For example, FP f(r) where 
f(x) is the resistance function and sx is the displacement at the midpoint of 
a simple beam under uniform load In the case where all stresses are below 


the yield point, f(2) becomes kx where /& is a constant 


BEAMS AND ONE-WAY SLABS 


As an example, consider again the case of a simple beam with a uniformly 
distributed applied load. Maximum deflection occurs at the midpoint of the 
span and the total resisting load or resistance expressed as a function of the 
midpoint deflection is Wy R 384 EI/5 L*) z, | 384 EI/5 L The 
value of k may be computed similarly for any other type of structural element 
when all strains are within the elastic range 

When the strain at some point or points im the element exceeds the yield 
point strain, # must be redefined in the plastic or elasto-plastic range. For 
example, after a simple beam loaded with a uniform load reaches the yield 
point strength at the center, the effective uniform load resisting the motion 
caused by the blast force becomes Wy, R 8M /L The variation in 
stiffness at the knee of the curve, when some fibers in the section are plastic 
while others are still elastic may be neglected in practically all cases 

In restrained beams and one-way slabs, three stages of behavior during 
the initial phase of increasing deflection are, in general, apparent 1) elastic 
action as a restrained beam, (2) elastic action as a simple beam with plastic 
hinges at the supports, and (3) total plastic behavior with hinges at the ends 
and center. The variation of resistance with deflection for this case is shown 


in Fig. A3.1 
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Fig. A3.1—Resistance-deflection diagram for restrained beams and one-way slabs 


The discussions which follow are based on complete fixity at the supports 
However, the principles involved apply equally to cases having different 
degrees of end restraint if the actual elastic moments are considered. 

The elastic deflection and moment in a prismatic beam with fixed ends 
subjected to a uniform load is illustrated in Fig. A3.2 where M, is the elastic 
end moment 

Upon initial rebound, point C in Fig. A38.1, the entire beam becomes elastic 
and the action for continual reversed deflection is illustrated in the sequence 
of Fig. A3.5. For the case where J/ WV Vu it is seen that from C to 


R=kX=364EL X= 12 Mg 
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Fig. A3.2—Elastic deflection and moment of a prismatic beam or one-way slab with fixed ends, 
uniform load 
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Fig. A3.3—Fixed end beam or one-way slab after the plastic hinges are formed at the supports, 
uniform load 
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Fig. A3.4—Fixed end beam or one-way slab during time of plastic hinge action, uniform load 


BE, Vig. A3.1, the rebound is totally elastic and from F to F the beam acts 


with reversed plastic hinges at the supports 

The above discussion describes the resistance as a function of displacement 
This same method may be used to develop resistance functions for other 
structures which may be used directly in the solution of the equations of 
motion discussed earliet 

In the case of the semigraphieal method it is necessary to express the 
resistance in the same terms as the applied load, 7.¢., with respect to time 
rhe resistance function with respect to time which acts while the resistance 
is elastic can be approximated by one or more simple analytic functions.* 
The resistance function for plastic displacement can then be completed by 
drawing a horizontal line which corresponds to the dynamic resistance of the 
system (see Fig. A2.8 


— oe 
Kor an approximate solution when allowing large plastic deformations 


the resistance in the elastic range may be assumed to Vary parabolically with 
time from Otol tL, ty being found by trial. This results im an error 
the magnitude of which depends on the loading funetion and the natural 
period of vibration of the structural element. However, if the major portion 
of the deflection is in the plastic range, small errors in assumed resistance 


in the elastic range will have but a small effect on the accuracy of the graphical 


*Frankland, J. M Effects of Impact on Simple Elastic Structures,’ Report No. 481, The David W. Tay 


Jel Basin, U. 8S. Navy, Apr. 1942 











634 JOURNAL OF THE AMERICAN CONCRETE INSTITUTE March 1955 


c Equivalent Uniformly Distributed 
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Fig. A3.5—Deflection and corresponding moment diagrams in rebound phase, fixed end beam 
or one-way slab, uniform load 


solution. For preliminary designs, in which several possibilities must be 
checked, the graphical method may offer substantial savings in time over 
numerical procedures, and at the same time help in visualizing the resistance 
requirements 


TWO-WAY REINFORCED CONCRETE SLABS 


Because of complications due to the redistribution of moment after initial 
yielding, stress conditions in two-way slabs cannot be easily predicted by 
analytical means. Fortunately, the accurate determination of the = stress 
conditions during the initial and intermediate stages of loading before the 
vield lines form is not necessary for a design by ultimate strength methods 
which provide adequate strength against collapse 

Simplified yield or failure lines for two-way slabs, subjected to a uniform 
loading, with either simple or restrained edge conditions are shown in Fig 
A3.6. Tests of two-way slabs performed in Sweden* indicate that the actual 
location of these lines and their extent differs only slightly at failure from this 
theoretical picture 

*Nylander, Henrik, “Concrete Slabs Reinforced in Two 


Structural Engineering at the Royal Institute of Technology 
Johansen, K. W., ‘‘Pladeformler 


Directions The Division of Building Staties and 
Stockholm, Sweden, V. 35, No. 10.2, 1950 
2 Udgave, Polyteknisk Forening, Copenhagen, Denmark, 1949 


























Use of the idealized fail- .— al - el 4 
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of safety. In general, the 4 
failure lines may be found 
from the condition that ! 











the resistance per unit of 
surface area must be the IDEALIZED FAILURE LINES 
same for all the panels 








formed by the failure lines 
(This introduces an incon- 
sistency in the dynamic 


analysis since the com- 




















puted deflections of the va 
rious parts will not be ex- 
actly equal at their common EXPERIMENTAL FAILURE LINES 
ponte. . enamine, Sy Grae: Fig. A3.6—Failure lines in two-way slab 
ing the slab as a whole, 
an averaged result is obtained which matches the general aceursey of the 
solution The idealized failure lines for a uniformly loaded, symmetrical 


two-way slab, may be found by the use of hig A331 


a tan | 3 r « . Cc} AS.1 
where ( arb 
a,b short and long dimensions of slab, re spectivel 
a ingle between short side of slab and failure line 
r ratio ol average moment intensit positive plus negative) of long spur 


to that of short span 
For slabs other than the above and for line on concentrated loads, the 
failure lines may be found by trial and error or by the application of the 


theory of virtual work.* 


Distribution of moment capacity 








To determine the ultimate resistance 2? for slabs it is necessary to compute 
the ultimate bending moment of the slab along the failure lines as shown in 
Fig. A3.7 in which MV represents the total ultimate resisting moment 

Li 
re + 
Support out C—.....° 
t, Mm vit 
- - 
Fig. A3.7—Resistance of two-way slab he 

*Hognestad, Eivind Yield-Line Theory f the Ult ste Fle 7 fR 

ACI Journat, Mar. 1953, Pro V. 49, pp. 637-654 
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Fig. A3.8—Distribution of moments in two-way slab 


along the support and M,,,, the component of the total ultimate resisting 


t 


moment along the interior failure lines acting to prevent rotation of the 


section about the support. Then, 
uM. + M, 
Rk (A3.2) 
L 
for slabs with restrained edges and 
ae. 
R (A3.3) 
L, 


for slabs with simple supports 

For design purposes, bending moment capacity may be provided as shown 
in Fig. A3.8 for slabs in which b is equal to or less than 2a. Slabs of length 
more than twice the width may be considered as one-way slabs and the 
negative longitudinal reinforcement at the ends of the panel reduced to that 
required by a square panel of dimensions a, and the bottom longitudinal 
steel reduced to a minimum. In the absence of a more accurate analysis it is 
recommended that where the moment capacity is uniformly distributed 
along the assumed failure lines, R can be computed by assuming that the 
effectiveness of the moment capacity is reduced in accordance with Fig. A3.8 
Vig. A3.8 applies to both the negative moment along the support and the 
positive moment at the interior. 

In Table A3.1 the resulting moment coefficient C in M Cwa® (where 
Vis moment per unit length and w R/ab) is compared with its value from 
several other sources for slabs with clamped edges 

It can be seen from Table A3.1 that computations by the proposed method 
result in static moment capacities which are in accord with values found 


by other methods based on redistribution of stress beyond the elastic limit 








T RESISTANT DESIGN 427 
TABLE A3.1—COMPARISON OF MOMENT COEFFICIENTS FOR TWO-WAY SLABS 


MOMENT COEFFICIENT=C, C=M/yg2 
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4 
. 
.0556 | 10951 | .0556| middie strip 
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Line A maximum moment coefficients based on theoretical elastic stress distribution 
Line B -moment coefficients for static design as recommended by ACI Committee 318 
Line C average moment coefficient based on redistributions as determined from analytical studies 
Line D theory of lines of fracture (K. S. Johanssen) modified for the membrane effect § 
Line E~ moment ccefticient based on the recommended ultimate design method 
} ins, ‘I Ii en (‘la ed it l’lat lou iM 
Mar. 193%, 4 A7-A10 
tACI Com 1s, “'} ( } I ( 
Institute, Detroit, M ] 
tSiess, C. P., and ‘79 \ 
Dec. 1948, P V.4 
§Nylander, H 
Approximate relations in the elastic range 
For the condition of large plastic deformation the use of the imple 
approach deseribed below for estimating the elastic behavior appears to be 
entirely consistent with the over-all accuracy of the slab anal 
In the elastic range the relation between resistance and deflection for 
two-way slabs can most easily be approximated by the usual theory of re 
tangular plates.* For the purpose of determining the values of resistance 
at which yield oecurs along Upport and at midspan, an approximate relation 


between support moment and resistance can be obtained from Table 3. of 
the ACT Building Code 


For the rectangular slab fixed edges on four edges and shown in Fig 3.9 
the order of procedure for the construction of resistance funetion would be 
as follows 

Assume that as the load ts apphed to the slab, the slab will defleet unti 


ultimate moments are dev eloped around the perimeter ABCD From Table 


*Timoshenh 1 / j Ie i | ( 
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b Fig. A3.9—Two-way slab failure lines 
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3 of ACT 318-51, depending on the ratio a/b, determine the relation between 
the perimeter yield moment and the resistance [e.g., for a/b 0.8, M,.,, 
0.048 wa*, RP wa (a/0.8). Therefore, Ry = 26.1 M,_,,|. For the intensity 
of loading (w) consistent with 2, determine the elastic deflection by considering 
the slabasa flat plate fixed on all four sides. From Table 30 of Timoshenko* 
the deflection x, (0.0198 wa‘) /(EtU) where t is the slab thickness, FH is the 
modulus of elasticity of concrete, and w 20.8 M, ,/a*. It can be assumed 
that the deflection-resistance relation between O and /;, will be linear. The 
ultimate resistance of each of the four segments is then found by solving 
for the idealized failure lines [fq. (A3.1)| with ultimate moments being 
developed along these failure lines. Each segment is then treated as a canti- 
lever supported only at its exterior edge and acted upon by ultimate moments 
at the exterior edge and along the failure lines and by a uniformly distributed 
resistance FP... The ultimate resistance [?,,, of the slab is then the sum of 
the ultimate resistances of each of the four segments, and the corresponding 
deflection xe, at which /?,,, is reached, is found by applying this resistance 
to a rectangular plate that now can be considered simply supported at its 


perimeter for all load additional to 2). For the example above, from Table 5 





Ruit.4 


Resistance 








‘ Fig. A3.10—Resistance function 
Deflection for two-way and flat slabs 


*Timoshenko, S., Ibid lable 30, 





TANT IGN 


of Timoshenko,* x. ' (O.0657 wat) (Et where w Ie Ry) ab 
and the other terms are as defined above 


The complete resistance function for a two-way slab is shown in Fig. A3.10 


FLAT SLABS 


To construct a resistance function for a flat slab, the relation between load 
and resistance in the elastic range is approximated by load-deflection formulas* 
for flat plates supported by columns of small diametet 

The values of resistance at which vield occurs along the perimeter and 
at midspan may be approximated by use of Table 1004 (a) of ACT 318-51 
The deflection 2, consistent with the indicated loading ?, may be obtained 
by use of Table 32 of Timoshenko.t The resistance-deflection relationshiy 
is assumed as a straight line up to this pont The above procedure is similar 
to that used for obtaining the resistance-deflection relationship for two-way 
slabs (pp. 637-639 of Appendix 3 

To compute the ultimate resistance, failure lines may be assumed as 
shown in Fig. A3.11, with all the reinforcing steel crossing these crack lines 
at yield point. The total ultimate resistance of the flat slab panel may be 
found as the sum of the ultimate resistances of the four quarter panels. Under 
an impulsive load each quarter is assumed to rotate about a point located 
between the edge of the column and the edge of the capital. The location 
of this point is approximated by point O which les at the midpoint of the 
line connecting the top failure lines on adjacent sides of the capital Ihe 
ultimate resistance of the quarter panel ABCDEF will be equal in magnitude 
and opposite in direction to the uniformly distributed load on the quarter 
required to develop the moments along the failure lines ABCDEF. The 
magnitude of this uniformly distributed load will be equal to the sum of 
the components ol the perimeter moments about a line though O perpendicular 
to the diagonal BE divided 
by the distance from the Le Column 
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stiffness by 2.3. This reduced stiff- 
ness (resistance-deflection relation- 
ship may he considered constant 
until the ultimate resistance is 
reached lor greater deflections the 
resistance will be constant and equal 
to the ultimate resistance The 
complete resistance function is simi- 
lar to that shown for a two-way slab 


Fig. A3.12—fixed end moments hig. A3.10 


COLUMNS 


Beam and girder frames 

To make a dynamic analysis of a multistoried structure it is first necessary 
to determine the resistances caused by given configurations of the structure 
When the framing system consists of girders and columns a displacement o 
one floor relative to the floor below causes distortions in the columns between 
the floors. These distortions will cause moments and shears in the columns 
and rotation of the column-girder joints. In the elastic range the problem 
is to find the fixed-end moments caused by a given relative displacement. of 
one end of each column with respect to the other and then to distribute these 


fixed-end moments throughout the frame by some standard method In 


Fig. A3.12 the deflection x is composed of the deflection caused by the fixed 
end moment Wy, plus the deflection caused by the shear 2M/,/L and is 


expressed by 


MyL? 2Mr/KL - (+ 2K 
OKI L = “\GEI " AG 


In Eq. (A3.5) FB is the modulus of elasticity of the column material, G is the 


shearing modulus of elasticity of the column material, / is the moment. of 
inertia of the column cross section, A is the area of the column cross section, 
and A is the shape factor of the column cross section for shear distortion 
All other terms are as shown in Fig. A38.12.) For any given distortion the 
fixed-end moments are determined by the use of Iq. (A3.5) and then the 


final moments are determined by a distribution of these moments 


When the ratio of beam depth to column length becomes large, the relation 
between deflection and fixed-end moment must be calculated using values of 
J and A that are based on the column cross section for the cleat height ol 
the column and which are infinite for the distance from the girder edge to 


the theoretical joint center 


hig. A3.13 shows the moments, shears, and rotations caused by a relative 
displacement .« of the column ends. If the girders are stiff compared to the 
columns, the relative deflection of the column ends for the clear height of 


the column will closely approximate the relative deflection of the joint centers 
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Fig. A3.13—Forces acting on column 


and the moments, shears, and rotations can then be approximated by hig 


A3.6) 


AS. 


The first term on the right side of Iq. (A3.6) is the fixed-end moment 
deflection relationship described before and the second term is an approxi 
mate measure of the increase in flexibility of the column due to joint rotation 
The ultimate moment W,,, of the column shown plus that of the column 
above is applied to the girder above and QO, is determined by assuming point 
of contraflexure at midspan of the girder and determining the rotation of the 
girder caused by the applied moments. The same process is repeated for the 
girder below to determine the value of O,. Using the ultimate moment. of 
the column and Oy t Op, a deflection a Is computed that is consistent 
with VM and 0, + Og. The ratio of M,u/2,u, which is the stiffness of the 
column, is then computed. This ratio multiplied by the deflection 2 will 


give the column moment V 


For the case of an axial load P?, the end moments of the column opposing 
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lateral load must be re- 





duced by an amount equal 


to Px. The expression for 





column shear then becomes 


2M Py 
It 





The value of R as com- 


Resistance, R 





puted from Kq. (A3.7 
represents the actual resist- 


Ing force supplied by the 





column at the floor above 





: and the floor below 
Deflection, X 
The deflection at which 
Fig. A3.14—General resistance function for a columh with 
varying axial load 


vield point stress and 
plastic moments occult 
depends on the magnitude of the axial load ?. This can be seen from Fig 
A3.14 by comparing the curves for the various values of ? Ginecreasing from 
?’, to Py for remforced conerete columns controlled by compression failure 
and for structural steel columns; and in|the reverse order for reinforced 
conerete columns controlled by tension failure Points A and B on each 
curve represent the occurrence of a plastic hinge at.a column. If the column 
is of uniform strength throughout its length, point A and B would coincide 
and each curve would consist of but two phases. During the application of 
a blast load, ? varies independently of « and the resistance function for a 
particular blast is represented by a curve which has its successive points on 
various of these constant 7? curves. An example is shown by the dash line 
in ig. A3.14 

Kor computation it is more convenient to plot ? versus W,,, and, in the 


same diagram to show the elastic deflection for each combination 2? and 


= 
Vou as shown in Fig. A3.15. By use of such curves the resistance at each 
step in the numerical calculation and at any deflection will include the effect 


of the varying axial load 


p 


Mult 


Xy at Muyit. 


Fig. A3.15—Axial load—maxi- 

mum yield point and axial load 

—maximum elastic deflection 

curves for structural WF steel 
column 











Fig. A3.16—Axial load—ulti- 
mate moment and axial load— 
maximum elastic deflection curve 
for a reinforced concrete column 
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A set of typical ?-M and P?-2 curves for structural steel columns is shown 
in Fig. A8.15. Only the points representing zero axial load, zero moment 
and axial load on the web only were calculated and in most cases sufficient 
accuracy will be attained by connecting these points by straight lines 


A set of typieal P-M and P-r curves for reimforeed concrete columns is 


shown in Fig. A3.16. These curves consists of two parts. On the upper 
part of the curve, represented by the line 1-2 on the ?-A/ curve, the member 


will vield by compression of the conerete. On the lower part of the curve 
represented by line 2-3 on the P-M curve, vielding will occur in the tensile 
steel. The P-r curve represents the maximum elastic deflection for the 


varying axial loads 


If the end moments in steel or concrete columns exceed the yield) point 
and then reverse in sign, the reversal, assuming a constant axial load and 


equal strength at the top and bottom, proceeds as shown in Fig. A3.17 


Reinforced conerete columns connected to girder sections of greater strength 


than the column will crack in the region !5 to 2 ft adjacent to the girder as 
the relative story displacement increases to ultimate strains. This cracking 


of the concrete becomes more severe with increasing plastic strain and, when 


the column rebounds will reduce the stiffness appreciably ‘The column 


stiffness may be recomputed when the resistance reverses in sign, and the 
revised stiffness of the cracked pol 


tion of the column should be based Start of 


~~ Rebound 
upon the moment of inertia of the 


steel only until the cracks close 

Thereafter, the full concrete compres- 

sive area is utilized. The unecracked 

column section is used at intermediate 

points kor tests of conerete beams } ~Myit 
subject to dynamic loading* the ul Full Plastic Reversal 
timate strength may be expected to Cracks closed vy > Cracks open 
be reduced trom 10 to 20 percent un Fig. A3.17—Moment-deflection curve showing 
der reversed loadings reversal of moment 


*Beha alural kien 


Inet te of Te 
of ¢ land Sanit 








644 OURNAL OF THE AMERICAN CONCRETE 


Frames combining bending and torsional resistance 

The horizontal movement of the different floor levels is intimately related 
to the stiffness and strength of the floor system. Efficient use of available 
column flexural strength requires that the floor system have sufficient strength 
to develop the column capacity and sufficient rigidity to allow development 
of this column resistance as quickly as possible. Column fixity is easily 
attained in girder-and-slab or beam-and-girder construction because sufficient 
bending strength can usually be incorporated in the girder design to fully 
develop column resistance. In a few cases, however, the floor framing is 
such that it is not feasible to fix the ends of the columns or provide the 
desired rigidity in the floor framing 

This special problem occurs in construction using flat slab or the various 
types of ribbed floor constructions where it is uneconomical or impractical! 
to provide sufficient floor strength and stiffness to prevent appreciable rotation 
of the column ends. This problem is not so eritical on wide buildings where 
many small columns are available to distribute the load among many joints 

Typical deformations induced in floor construction of the slab or ribbed 
type under the action of translational forces are shown in Fig. A3.18 


Direction of floor motion 
(Longitudina] direction) 


A B _ Sense of column moment 
acting on floor 





Between column 
lines AandB 


1D “ 











¢ Between column 
lines | and 3 


Fig. A3.18—Deformation of typical flat slab or ribbed floor system 


It should be noted that the rotation of the columns will depend on both 
the bending strength and stiffness of the beams and/or floor slab spanning 
between columns in the direction of the blast and the torsional strength and 
stiffness of the slab and of the spandrel beams spanning laterally between the 
columns 


Reinforced concrete jowsl floor construction 


If the blast force acts in a direction perpendicular to the span of the Joists 





(direction A, Fig. A3.19 
the resistance function of 


the column will be similar 





to that deseribed for con- 





ventional beam-and-girde! 


construction Direction I 


If, however, the loading 
Is parallel] to the span ol 
the joists (direction B, 
Fig. A3.19), the action 


will be similar except 








that the deasce of sesienint Fig. A3.19—Details of joist floor 


furnished by each joist will be limited by the torsional strength and torsional 
stiffness provided by the header beams. It is apparent that torsional strain 
in these beams will relieve the joists midway between columns and resistance 
to sidesway will develop at a slower rate in these members than in the joists 
immediately adjacent to or framing into the column The variation in 
resistance function for each of two Joists (assuming the header beams have 


sufficient capacity to develop the joists) so located is illustrated in Fig. A%.20 


The ordinate of Fig. A3.20 represents the end moments of the joists acting 


as T-beams and the abscissa is in terms of relative floor displacement in. the 

direction of blast 
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Fig. A3.20—Effect of torsion on 
resistance function Deflection, X 
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The moment-deflection relationship of the floor system, assuming that 
the column capacities are greater than that of the floor system, is obtained 
by summing up the moment-deflection relationships of each of the joist 

W here the header beam Is also subjected toan unbalanced vertical rene tion 
such as in the case of edge beams, or when the joist spans of adjacent bay 
are unsymmetrical the vertical deflection of the beam should be inve tigated 
to ascertain the additional decay in the buildup of the resistance whieh j 
introduced 


Flat slab construction 


The resistance offered by flat Siabs to column moments s based on “i 
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Fig. A3.21—Flat slab action 


Direction of 
motion 


Ideolized 
lateral beam 


- Face of column, capital 
or drop panel 


sumptions concerning floor action similar to that deseribed for joist floors 
The maximum moment resisting capacity of the slab would be obtained if 
the total width 1 (big. A3.21) were acting in uniform flexure having the same 
rotation as the column on the line between columns. The rate of increase 
of this resistance and the total resistance is delayed and reduced because of 
torsional strains in the laterally spanning beams and in the slab. 

If sufficient local torsional strength at the face of the column is available 
to develop the yield moment of the slab, the flexural strength of the entire 
slab for the length 1 may be used in computing the resistance and the average 
relative floor displacement «,. The strain at which the full strength is de- 
veloped may be assumed to be that caused by end rotations due to flexure 
in the slab in the direction of the blast plus the effeet of torsional rotation 
between the face of the column and the midpoint of an analogous beam 
between columns, twisting under the action of the yield point moments in 
the slab. 

The lateral beam may be an actual edge beam of given dimensions or, in 
the absence of such a beam, may be assumed as a section of slab with a width 
equal to twice the depth of the slab plus the width of column, capital, on 
drop panel, according to the construction, and a depth equal to the depth 
of the slab 


Frames with walls participating in resistance to horizontal motion 
Sigigle-story frame 

In Fig. A3.22 it may be seen that the addition of walls restrained at the 
foundation and/or roof level results in an increase in resistance to horizontal 
frame movement kor reinforced concrete construction, this added resist- 
ance may usually be obtained without added cost. The analysis of the 
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Fig. A3.22—Single-story frame with walls acting as columns 





single-story frame is only slightly 3rd Floor 
complicated by this action as the walls 
simply modify the column resistance 


function used to obtain the deflection 
if ] «*¢ i l 1 ce ¢ l j 2nd Floor 
Vultistor y frame 


In the case of multistory frames, 


the action of the participating walls ist 


Floor 





is somewhat more complex. If the 
wall is restrained at the upper and 
lower ends but has only pin-type 
supports at the intermediate level, 
continuous beam action similar to that Fig. A3.23—Muhtistory frame with porticipat- 
shown in Fig. A3.23 will occur as the ing wall action 
frame deflects laterally 

As long as the stresses in the wall remain within the elastic limit, the re 
actions at the floor and roof levels may be computed by standard elastic 
methods 

Kventually plastic moments usually develop at various points along the 
wall due to the combination of displacement of the supports at each floor 
and beam action in resisting the blast pressure 

The analysis of the wall is done simultaneously with the frame analysis 
since the resistance of both the frame and wall are functions of the same 
deflection and combine to give the total resistance to lateral displacement 
of the frame 

If the exterior walls are restrained at each floor level by the floor framing 
the walls and columns may be treated as integral parts of the floor to floor 


resistance ~tunction 


DEEP BEAMS 


The roof and floor slabs in a shear wall structure such as the one shown in 
hig. A3’.24, when acted upon by lateral loads, have a dual funetion. They 
carry the vertical roof and floor loading to the intermediate columns and also 
transmit the lateral loads from the front and rear walls to the shear walls 
In most cases the lateral resistance of the relatively flexible columns in a 
shear wall structure is small and can be neglected 

The floor slab in section A-A of hig A3.24 when loaded by the front wall 
reactions along the length LL. will act as a beam spanning between the shear 
walls. If the connections between front and rear walls and floor slabs are 
strong enough to develop the required shear stress, these walls will act as 
flanges of the floor slab The following is a derivation of an approximate 
resistance function for a floor slab of depth J in the direction of the loading 
length ZL in the direction perpendicular to the loading, and thickness f. In 


this derivation the front and rear walls are not considered as flanges with the 
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Se o ” Fig. A3.24—Shear wall structure 
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Section A-A 


floor slab but similar expressions can be derived for the case of wall partici- 
pation. It is further assumed that the diagonal tension stresses are not large 
enough to cause failure. 

In the construction of a resistance function for a slab such as shown in 
Fig. A3.24, acting as a beam it is required to establish expressions for elastic 
and plastic deflections versus resistance. In the elastic range, for beams 
where D/L = 0.8 it can be assumed that standard beam theory is applicable 
for simple spans* and the following expressions for elastic midspan deflections 
due to moment distortion and due to shear distortions may be obtained for 
the floor slab shown in Fig. A3.24, when loaded by a uniformly distributed 
load of total magnitude W. 


5 WL 60 W L 
ent 384 OK B84 Et\ D 


6" INWL 6WL 
. (A3.9) 
shear 5 8) AG 10 LAG 


where x, is the midspan lateral deflection, G is the shear modulus of elasti- 


city, and the shape factor for shear distortion is taken as 6/5 The expression 
for total midspan deflection Zn due to a load W is 


W a 5 (‘.) 3 | 
{ (A3.10 
(D | 382E\D 206 


Therefore Eq. (A8.10) can be rewritten and by substituting the resistance 
R for the load W the following expression for resistance is obtained 


5 I, \? 3 (A3.11 
$2E\D 200 


Once the resistance has been evaluated, the midspan moment /,, is com- 
puted from the expression J, RL/8. The extreme fiber stresses in the 
concrete and steel consistent with M,, are found by the usual reinforced con- 
crete theory. The assumed distribution of strain and stress in a slab rein- 
forced top and bottom is illustrated in Fig. A3.25. 

As the lateral deflection of the slab is increased, the outer fiber strains 


*For beams with D/L values which require the use of more exact solutions see ‘Design of Deep Girders,"’ Bullet 
ST6, Portland Cement Aassn., 1951 
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Fig. A3.25—Stress and strain in slab cross section 


lor larger deflections the plastic moment capacity ol the slab must be used 


to obtain the resistance I The corresponding midspan deflections may be 


approximated by computing the strain in the portion of the outer reinforcing 


bar that is in a plastic state 


The maximum elastic strain in the reinforcing steel is taken as e, 


and the strain causing ultimate stress in the concrete as e,’ 
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0.001 in. per in. A procedure for determining the relation 


between resistance and deflection for strains greater than the above is a 


follow 5. 


| The midspan moment, JV, RL /8, 1s computed fora resistance greate! 


than that at yield in the extreme fiber 


2B: Steel and concrete stresses for the above midspan moment 


” 


are com 


puted as illustrated in Fig. A3.26. The internal stress distribution can be 


found by locating the neutral axis by trial and error and by setting the internal 


couple equal to the external midspan moment trom step | 


3. From the moment diagram for the slab, that portion of the slab /’ where 


the steel outer fiber strain is greater than e,, is determined. This 


illustrated in Fig. A3.27 


diagram I 


1. Find the average plastic strain in the extreme fiber for the length kL 
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The plastic strains €; Eyp at midspan is obtained from Fig. A838 


strain at the edges of the zone 1s zero 


5. If it is assumed that the increase in length of the outermost bi 
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Fig. A3.27—Zone of plastic 
strains 








by the distance to the neutral axis is the angle opened between the two halves 
of the slab rotating as rigid bodies, the increase in midspan deflection x L1, 
that is caused by the increase of midspan moment from M,, to M is found 
by Kg. (A3.12 
op) kL) (A3.12 

6. The total midspan deflection consistent with the resistance assumed 
in step | is then found by adding the change in deflection found from Kq 
(A3.12) to the maximum elastic midspan deflection 2, 

7. This value of resistance and deflection is plotted as a point on the 


resistance function and steps | to 7 are repeated for a new value of R 


MISCELLANEOUS MATERIALS 


Masonry walls 

The resistance of brick or block walls to lateral loading is a function of 
wall deflection, mortar compressive strength, and rigidity of the supports 
Rigid supports 

If the supports are completely rigid and the mortar strength is known, a 
resistance funetion can be constructed in the following manner soth supports 
are assumed to be completely rigid and lateral motion of the top and bottom 
of the wall is prevented. An incompletely filled joint is assumed to exist at 
the top as shown in Fig. A3.28a. Under the action of lateral load the wall is 
assumed to crack at the center Mach half then rotates as a rigid body until 
the wall takes the position shown in Fig. A3.28b.) During this rotation, point 
m has undergone a lateral motion .,, no resistance to motion has been developed 
in the wall, and the upper corner of the wall (point 0) will be just touching 
the upper support The magnitude of x, can be found from the geometry 
of the wall in its deflected position 

h 


hi? 
where Ly | B + #2 and all other S\ mbols are as shown in Fig. A3.28 


For any further lateral displacement of point m, compressive forces will 


occur at points m, n, and o. These compressive forces form a couple that 


produces a resistance, P SV /h, to the lateral loads 
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Fig. A3.28—Deflection of masonry walls 


When point m has been deflected laterally to the line n-o (Pig. A328 
the moment arm of the resisting couple will have been reduced to zero and the 
wall will become unstable with no further resistance to deflection. In this 
position the diagonals om and mn will have been shortened by an amount 
Lip h’,2. The unit strain in the wall caused by the shortening will be 
En (Lp h’/2)/Ly. All the shortening is assumed to occur in the mortar 
joints and therefore f, En ém Where E,, is the modulus of elasticity of the 
mortar and f,, is the elastic compressive stress corresponding to the strain e, 
In most cases f,, will be greater than the ultimate compressive strength of 
the mortar f,’, and therefore could not exist. Since for walls of normal height 
and thickness each half of the wall undergoes a small rotation to obtain the 
position shown in A3.28c¢, the shortening of the diagonals om and mn can 
be considered a linear function of the lateral displacement of point m. The 


deflection z,, at which a compressive stress of f.’ exists at points m, n, and o 


ve 


can therefore be found from the following relation 


The resisting moment that is caused by a lateral deflection of xz, is found 


4 


by assuming rectangular compressive stress blocks to exist at the supports 


and at the center as shown for the upper half of the wall in Fig. A3.29 


The bearing width a is chosen so that the moment V, is a maximum, that 








by differentiating VW, with respect 
hh hh hh to a and setting the derivative equal 





to zero, which results in a ly 
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When the midspan deflection is 





greater than a, the expression for re 
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As the deflection increases the re 











Fig. A3.29—Stress block on masonry wall 
istance is reduced until at a f the 


resistance is zero 
\ typical resistance function for a masonry wall of this type is shown in 


hig. A3.30 


P 
- 


Fig. A3.30—Resistance function 
for masonry wall 
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hor the case where the wall is supported by elastic supports at top and 
bottom, the resistance curve must be constructed in a different) mannes 
The compressive lorce Ps ay ‘can no longer be determined from the geo 
metry ol the wall but is a function of the stiffness of the supports Onee 
the magnitude of /’, is determined, equations similar to those derived for the 


case of the rigid supports can he used 


Simply supported walls 
If the supports offer no resistance to vertical motion, the compression mM 


the wall will be limited by weight of the wall above plus the floor and root 





loads carried by the wall. If the wall carries no vertical loads, then the wall 
must be analyzed as a simply supported beam, the maximum resisting moment 


being determined by the modulus of rupture of the mortar 


Timber 


Although timber is more limited in its applications to blast resistant con 
struction than either reinforced concrete or structural steel, it can be em 
ployed advantageously where the factors of availability and cost are favor 
able. When timber is utilized by itself, or in conjunction with other materials 
for providing structural resistance to blast, fire, and radiation hazards may be 
eliminated by protecting the wood with earth, concrete, metal, or othes 
materials. 

Large plastic deformations are not permissible for air dry structural timber 
because failure occurs soon after ultimate resistance is attained. The maximum 
computed resistance should therefore be kept below the ultimate value 
The idealized resistance-deflection curve shown in Fig, A3.31 is recommended 
for the dynamic analysis of simply supported flexural timber members. The 
static ultimate strength to be used in the calculation of PR in Kig. A3.31 
should be based on 4/3 times the values listed in the “National Design Speci 
ix 


fications’’* except that ultimate stresses thus computed shall not be greater 


than the design stress for the highest grade of the particular species 

hig. A3.32 shows an empirical curve for the variation of dynamic increase 
factor with duration of dynamic stress from zero to failure, or as modified 
by the effeet of initial static stress as described on p. 681 of Appendix 4 
This curve is based on the results of a series of tests performed at the Forest 


Products Laboratory. 4 Because the dynamic increase factor decreases 


rapidly with the duration of loading the dynamic increase factor at a duration 


of about 0.5 see is suggested as the limiting value 


Rutt 
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Fig. A3.31—Timber flexural member — resist- 
ance function 
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Fig. A3.32—Dynamic increase versus duration 
of stress for timber 


UNDERGROUND STRUCTURES 


When a continuous pressure wave P(t) strikes the surface of the soil above 
an underground structure, the soil will act as an elastic medium, and absorb 
or store part of the impulse energy, while transmitting it to the buried member 
Approximate design may be made by the methods outlined for beams and 


slabs by assuming that the earth mass acts as part of the roof structure to 


resist the full blast load on the surface. For side walls designed in the plastic 


range, the mass of a sliding wedge of earth may be added to the wall mass 
and the blast foree reduced by the frietion on the sliding surface 

In another approach, neglecting the diffraction effects and assuming that 
the ends of the roof slab are not subject to any vertical displacement, the 
system may be replaced by a simple mechanical model shown in Fig. 3.33 
(It should be noted that both assumptions are conservative, as they both 
have the effect of increasing the pressure on the roof slab 

This system is now equivalent to one in which the beam is replaced by a 
spring and equivalent mass and the soil is replaced by a spring with dis- 
tributed mass (Fig. 3.34a) 

As ra first approximation, however, we may re- 
place the soil spring by another spring of the 
same natural frequency (Pig. 3.34b) with an 
equivalent lumped mass at the top 

In a vibrating multidegree of freedom system 


the stress at all points is not uniform and part 








of the system may be in compression while 
another part is in tension. Since soil is assumed 


to take no tension, cavitation, or a rupture of the Pe a ee 


medium, may occur. Although this may usually under soil pressure 





BLAST RESISTANT DESIGN 


be neglected, under the assumption 





that damping in the soil will be suf 
ficient to bring about practically uni 
form motion, the solution may be 
developed to take account of cavita- 


tion. It may also be modified to 











more closely approximate the physi 





cal condition by using a spring of uni 
formly distributed mass to replace 
the soil 
The equations of motion where 
damping has been included are given 
below for four conditions: (1) soil im 
Fig. A3.34—Mechanical models compression and roof elastic, (2) cavi 
tation between soil and roof still 


elastic, (3) soil in compression and roof plastic, and (4) cavitation between 


soil and roof plastic 


m Dy r (A3.17) 
m 4 + | t ; 2 ( (A3.18) 
m (A3.19) 
m, + 2 ote + k’ t+ my, (A3.20) 
(A3.21 
(A%$.22) 
(A3.23) 
(A3.24) 
aeceleration of gravit 
equivalent soil mass 
equivalent soil spring constant 
equivalent mass of roof structure 
root slab spring constant 
blast load on root 
plastic resistance of roof structure 
coefficient of viscous d Ln ping of sonl 
coefficient of viscous damping of roof slab 
settlement of equiv tlent soil mass 


settlement of equivalent mass 


DESIGN AND ANALYSIS OF SHEAR WALL STRUCTURES 

General 

Shear wall structures include all buildings which derive their principal 
strength for resisting lateral loads from structural walls capable of resisting 
large lateral loads acting in their own plane 

Shear walls are usually so stiff compared to beam and column or other 
flexural framing, which may be used in conjunction with shear walls, that it 
may be assumed that the entire translational load is carried by the shear 
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walls and the remainder of the supporting framing is subject only to vertical 


and local flexural loads 


The spacing of shear walls will generally depend on the functional and 
architectural requirements of the building. Where the spacing becomes 
large it is necessary to analyze the roof and floors to ensure that they are 
adequate, acting as horizontal plates, to transmit dynamic reactions from the 
exterior walls parallel to the shock front to the transverse shear walls 

Although shear wall structures include articulated structural steel frames 
with diagonal bracing and continuous frames filled with masonry or rein- 
forced concrete panels, the greater part of this section has been devoted to 
monolithic reinforced concrete shear wall buildings, as shown in Fig. A: 
which appear to be the most satisfactory and economical choice for structures 
designed to resist heavy blast. In many cases, adequate blast resistant 
exterior walls of remforeed concrete can be provided with only minor increase 
in cost over the cost of conventional construction. Where interior walls 
are required as fire barriers, stairwell enclosures, or for other reasons, these 
may be designed conveniently to act as shear walls. The same walls may 
also be used to carry the vertical loads, thus replacing the frames ordinarily 
used for this purpose 

The procedures in use today for the design of shear walls are largely ap- 
proximate in nature, being based on a limited amount of test data. Some 
information is available on the load-deflection characteristics of shear walls 
of masonry or concrete, but there is little information on the ultimate lateral 


loads that such shear walls can sustain 


Continuous frames with concrete or masonry panel fillers 

existing frames of structural steel or reinforced concrete may be stiffened 
and strengthened by filling the areas between the columns and beams with 
structural masonry or concrete partitions. The effectiveness of such walls 
in resisting cracking will depend on both the strength of the walls and on the 
extent to which the bents are adequate to confine the partitions within the 
rectangles formed by the beams and columns. The inclusion of such par- 
titions In a frame creates a new composite unit with a different structural 
behavior than the original frame. The increase in strength and stiffness 
obtained by such composite construction is often considerable and may rise, 
in the case of structural steel and conerete frames having strong connections 
and reinforced concrete filler walls, to 10 or 20 times the resistance obtained 
from the original without the wall fillers. The strength and behavior of such 


panels may be found by methods described later 


Monolithic reinforced concrete shear walls 

Ordinarily the greatest gains in speed of construction, economy, and space 
usage In shear wall construetion are obtained by simplifying and standardizing 
the wall forms and by elimination of all projections and pilasters. This is 


easily accomplished in the planning of new construction 
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Fig. A3.35—Typical loadings on shear wall structure 
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Front Wall Loading Fig. A3.36—Comparison of front 
wall loading with shear wall 
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In calculating the horizontal reactions of the exterior front and rear walls, 
the roof and shear walls are usually assumed infinitely rigid in their own planes 

The reactions of the exterior walls rather than the direct blast: pressures 
should be used in the design of the shear walls because the dynamic strains 
in the stiff quick-acting shear wall are greatly affected by the rate at which 
the forces acting on the front and rear walls and the roof are applied to the 
shear walls. In structures where large plastic deformation of the exterior 
blast resistant walls are allowed, the reactions of the wall will have an Impulse 
curve very much different than that for the pressures acting on the exposed 
wall at any given time (Fig. A3.36 This difference in the shape of the 
impulse curve (elimination of the peak) will, in most cases, reduce the strength 


needed for the structural elements which support the exterior walls 


Resistance-deflection relation for shear walls 

The shape of the resistance-deflection relation of a shear wall will depend 
on whether or not there is a concrete frame with relatively heavy reinforce 
ment around the shear wall and on whether or not the shear wall is reinforced 
In the case of an unreinforeed concrete masonry shear wall without an en 
closing frame, the wall will build up resistance as a linear function of deflection 
until a erack occurs, at which time the resistance will be suddenly reduced 
After the first erack and each subsequent crack, if any, the resistance function 
may build up again, depending on the strength of the uneracked section 
and the stability of the cracked sections 

or the case of a reinforced concrete shear wall without an enclosing frame 
the shear wall will build up resistance until a erack oceurs, at which time 
the resistance will be suddenly reduced. Further increase in the resistance 
funetion wall depend on the strength of the uncracked section, the stability 
of the cracked section, and the reinforcing steel across the crack Additional 
cracking Is treated in a similar mannes 

If there is a frame around the shear wall, the resistance may be determined 


by the tensile strength of the column on the load side of the frame. However 


if the frame is stronger than the shear wall, the resistance will build up as a 


certain linear function of deflection until the first crack appears in the shear 
wall. kor deflections greater than that caused by the first crack, the resist 


ance may be approximated by some reduced linear funetion of defleetion 
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SECT. A—A 
Fig. A3.37—Shear walls without frames 


until the ultimate strength of the shear wall is reached. The ultimate resist 
ance of the combined frame and shear wall will depend either on the tensile 
strength of the column on the load side or the strength of the compression 
zone under combined shear and compression 

The total forces applied to the shear wall and the capacity of these wall 
to resist the forces are greatly affected by the manner in which the loads 
including the stabilizing forces resisting rotation, are applied to the shear 
wall. For example, the resisting shear in the shear wall can not exceed that 


which produces a moment equal to the moment ol thie tabilizing bores 


Concrete shear wall without frame 

The lateral deflection in the elastic range of a shear wall, such as the one 
illustrated in Fig. A3.37, subjected to a concentrated load at its top, ean be 
expressed as the sum of the deflection due to shear and the deflection due to 
bending 

In the case of pure shear, the averaging shearing unit strain, as shown in 


iy. A3.38, can be expressed as 
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Fig. A3.38—Distortion of shear = L 
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where 7 is the shearing unit stress and G is the shearing modulus of elasticity 


Substituting into kg. (A3.25) the relation 


1 


AK 


where A is a shape factor, equal to 1.2 for rectangular sections and 1.0 for 
sections with heavy flanges. <A is equal to the area of the cross section and 
r, 18 the resistance developed due to distortion of the wall. We obtain: 
Kr} 
GA 
deflection due to bending, assuming a straight line Is 
/ h 
bh] 
total displacement of the wall, therefore becomes 
h 
(A3.29 
3h] 


expressing G in terms of Bb, G - total flexibility of the 
2(1-4 vi 
shear wall is 
2Ah (1 4 h 
| (A3.30) 
! 1h 3K] 
where w is “Poisson's ratio” for concrete 


The stiffness k, or the foree required to produce a unit deflection of the wall 
is given by the equation 


(A3.31) 


In general, a shear wall is actually a channel- or I-shaped member since 
the front and rear wall will usually act integrally as flanges with the shear 
wall in resisting bending moments and shear forces. This interaction, how- 
ever, will be reduced where cracking at the junctions of the walls oecurs 


The maximum effective width of flange should be taken as not more than 
one-half of the distance between shear walls. On the above basis, the stiff- 
ness of the shear wall must be computed by using an effective moment of 
inertia J, in gq. (A38.29). To include the effeet of the front and rear walls 
on the distribution of shear along the shear wall, a suitable value of the shape 
factor A must be inserted in Iq. (A3.29 hig. A3.39 shows approximate 
relationships of shear deflection to total deflection 


Iq. (A3.31) gives the expression for the slope of the resistance function 
in the elastic range. The maximum value of elastic resistance and the vari- 
ation of resistance in the plastic range if the wall is reinforced is determined 
by methods explained later in this section 





LAST RESISTANT DE 


Rectangular Sect.- 
Concentrated Load 


Rectangular Sect.- 
Uniform Load 





C Sect.* — Concentrated 
Load 


4. I Sect.* — Concentrated 
Load 





*Uniform thickness 
assumed. Effective 
flange width vaken as 
h/3 each side of web. 














Fig. A3.39—Ratio of shear deflection to total deflection (elastic range) 


Frames with filler walls 


The inclusion of a shear resisting wall within a frame consisting of con 
ventional reinforced concrete beams and columns creates a Composite unit 
having a structural behavior far different from that of the original frame 
Lateral displacement of the roof will necessarily wrack the filler panel if ovet 
turning is prevented by the enclosing frame. In a plain conerete filler wall 
the bending distortion Is resisted by the total cross section of the wall and 
frame, and shear distortion is assumed to be taken by the wall only At 
empirical method based on ordinary beam theory may be used in the elastic 
range for predicting the distortion of this type of shear wall. This method 


is also applicable to masonry filler walls 
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Fig. A3.40—Single-story bent with filler wall PIII ITI III ITIITTT7, 
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wall (Fig. A3.40 


bent with a concrete or masonry fillet 
the concentrated 


Kor a one-story 


before the filler wall cracks, the elastie deflection caused by 


load / | 


moment of inertia of the 


the wall material 


terms of the 


ero ectional area of the 


modulu 
«| tor 
! ipo TT 


wing module materia 


Other terms a pre 


The wall stiffness becomes 


After cracking the action is no longer elastic and the resistance of the wall 


will build up or drop off until the ultimate resistance of the wall is reached 
Again it should be noted that the above eXpression defines the slope of the 
resistance funetion only before cracking 

If the frame column on the tension side is insufficient to develop the shear 
ing or diagonal tension strength of the wall, a tension failure along the base 


A3.4] The frame column on the load 


will result as shown in Fig side is 
assumed to crack when the outer fiber concrete tensile stress, computed for 
the transformed gross section, reaches LO percent of the ultimate compressive 


for the conerete. To obtain point | as shown in Fig. A3.42, com 


stress | 
for this condition and the lateral deflection from Eq 


pute the shear load 7 


A3.33 
2 compute the ultimate moment, including the effect. of 


To obtain point 2 
of the horizontal section at the base and the shear load r, for 


vertical load 
The resistance at point 2 mav be greater or less than at point 


this condition 
l as shown in Fig. A3.42 
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Fig. A3.41—Shear wall filler frame—tension 
failure (vertical loads not shown) Fig. A3.42—Shear load versus deflection 





If the filles panel is reinforced, and has anchored dowels, the 


the vertical steel is included in the analvsis 
Maximum elastic load 


It is practically Impossible to make an exact mathematical analysis of the 
stress distribution in shear walls considered as plates loaded in their own 
plane. A rational application of the theory of elasticity is difficult: because 
of the complex boundary conditions. This is especially true where sub 
stantial cracking and plastic action is anticipated However, if recourse is 


made to more accurate analyses, then iterative procedures such as “lattice 


analogy’’* appears most practical and has heen proposed by SCVOCTaI 


Investigators 


The basic difficulty with the solution of the lattice analogy | that it ts 
time consuming, and that it depends on many assumptions that have thu 
far been verified experimentally only in particular cases having greatly 
simplified boundary conditions. For these reasons a more elementary pro 
cedure is proposed by which an approximate average stress distribution in 


shear walls may he obtained 


Distribution of shear wall loading at cracking 

Appendix 3, pp 656-658 explained how the blast load and de: 
transferred from the roof and front and rear walls to the she: 
addition to these loads there will be foundation pressures and 


by the twisting of the building that will be applied to the she: 


hig. A843 shows a plan and elevation of an unsymmetrical 
structure where the resistances ry, rg, re, and ry developed due to distortion 
of shear walls A B,C, and PD are assumed concentrated at the roof level 
The magnitudes of the distortions are found by dynamic analyse Phe 
mass of each wall is assumed small compared to the roof and therefore the 


equivalent mass may be assumed concentrated at the roof leve 


The effective length L, of the wall returns, which i umed acting inte 
rally with the wall. 1 taken «as equal to then height Pha isstimiption | 
different from that used for computing the stiffness of the w during elastte 
deformation because, due to anticipated plastic f a greater elective 


flange Can hy de eloped 


In the elevation of the shear wall in Fig. A3.43, all forces indicated pertain 
to the rectangular cross section of the wall. Loads ??; and /’?s are the lateral 
loads from the horizontal end shear of the front and rear walls, respectivel 
Py is the vertical load from the vertical end shear of the roof If the footing 
of the front wall is held down by load or blast pre ure acting on the looting 


the front wall will ‘| rT ertical downward tion at the front edge of 





Cf 


THE AMERICAN ¢ 





> 
IN ROOF 


= 


RACK PATTERN 


SECTION AT SHEAR WALL "OD" 





Fig. A3.43—Forces on shear wall at cracking 


Lateral load from horizontal end 
shear of front wall 

Lateral load from horizontal end 
shear of rear wall 

Foundation resistance below 
shear wall 

Dead load 

Vertical load from vertical end 
shear of roof 

Vertical load from vertical shear 
in front wall 

Vertical load from vertical shear 
in rear wall 

Lateral load from horizontal 
shear of roof at wall A 
Transverse load from horizontal 
shear of roof at wall B 
Transverse load from horizontal 
shear of roof at wall C 

Lateral load from horizontal 
shear of roof at wall 

Lateral shear in floor slab 
Friction on shear wall footing 
Effective length of wall return 
assumed acting integrally with 
the adjacent wall 





The distribution of the foundation pressure along shear wall Dis approxi 
mated by considering the contribution of the wall returns of walls B,C, and D 
For each isolated channel-shaped wall, the foundation pressure is drawn 
assuming that the following expression is valid 
P. + DL V 

1 S, 
where DLL dead load of the wall 


A, effective area of foundation of the wall being considered 


p 


PP eftlective section modulus of foundation of the wall be ing ¢ 
V moment of all forces shown in the elevation in Fig. A3.43 ab 
tral axis of the foundation of the wall being considered 
The foundation force acting on the effective length of the wall returns 
then transferred to the edges of each individual wall 


Superposition of the foundation pressures for walls B,C, and J will yield 
S44¢ 
Superposition of the foundation forces at the edges of the walls B,C, and 


the final pressure distribution for wall D (Fig. A: 


D and a solution of the equation of dynamic equilibrium will yield the final 
vertical loads acting at the edges of wall ). These are shown in Fig. A3.43 
as Vy) and Vo», and the assumption is made that the wall returns are sufficiently 
stiff to transmit them to the shear wall. In the case of a stiff rear wall and a 
relatively flexible foundation soil, the entire rear wall may be effective. The 
loadings on walls A, B, and C are found by the same procedure 


('ltimate load foi concrete or masonry shear wall 
To determine whether a shear wall is capable of sustaining a given set of 
dynamic loadings, an approximate analysis of the stresses can be made at 


critical times and/or displacements. In general, the large plastie displace 

















Fig. A3.44—Pressure below wall 

D. (a) Pressure assuming wall D 

is independent. (b) Pressure con- 

tribution from walls B and 

(c) Combined pressure of (a) 
and (b) 
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ments used in beam-and-column frame analyses cannot be allowed for shear 
walls because of the over-all damage and because once the concrete cracks 
the resistance may undergo a sudden reduction in value 

For an approximate analysis, failure lines as shown in Fig. A3.43 may be 
assumed if there is no prior yielding or cracking along the base. If the tri- 
angular segment thus obtained (see Fig. A3.45) is treated as a free body, 
the stresses on the diagonal edge can be computed. The critical angle 0 
of the line of failure is found by trial by varying the location of the failure 
plane until the position of maximum tensile stress is found 

To determine 0 the following equilibrium equations can be written: 
272 (K's Pp) con O + (I Py D.L.) sin 0 (A3.35) 

S (K'1 Px) sin O (I P, D.L.) cos O (A3.36) 

Z7 y Tey 


y 


(A3.37) 
A pies I diag 
where K’ r, horizontal shear, transmitted from tue root, which is takea by the 
cracked segment 
Py resultant of roof loading over the length A tan Oo 
DL dead load for section shown 
Py resultant of rear wall loading over height h 
Abas 1 Dias area and moment of inertia about the center of the failure plane of the 
diagonal section, respectively 
The criterion for failure of a plain concrete wall is the ultimate tensile 
strength of the concrete; for a masonry wall it is the ultimate tensile strength 
of mortar or masonry, whichever is smaller. For a reinforced panel, the 
assumption is made that both steel and conerete reach their yield and _ ulti- 
mate tensile strength, respectively, at the same instant, and hence the allow- 
able stress may be expressed as: 
06 attee ft + (Ay cos O + Aw sin O) f, (A3.38) 
where fy ultimate tensile strength of concrete in pst 
1, area (sq in.) of vertical steel per sq in. of concrete 
Vy area (sq in.) of horizontal steel per sq in. of concrete 
fy yield point strength of steel in psi 
If the shear wall is also subject to transverse bending, as in the case of 
exterior walls the allowable stresses should be decreased along the failure 
plane 
After the first crack and subsequent cracks, if any, the wall may continue 
to build up resistance as a function of the strength of the uncracked section 
and the stability of the cracked sections. Fig. A3.46 shows a typical wall 
with a probable crack pattern. These cracks can be determined by trial and 
error based upon the proposed approximate analysis deseribed previously in 
this section. The uneracked section at ultimate load is analagous to a com- 


pression strut along the diagonal. It is evident that the erack pattern of 


ig. A3.46 would be affeeted by cracking of the roof slab, and therefore the 
tensile strength of, and load distribution from the roof should be considered 
simultaneously with the wall. The resistance function for a concrete shear 


wall which fails in diagonal tension is shown in Fig. A3.47 





LAST RESISTANT DESIGN 
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Fig. A3.45—Assumed segment of shear wall 


Poimt | represents the resistance and deflection immediately prior to the 
first crack, after which the resistance will drop suddenly. If however, the 
roof is capable of transferring the total reaction twoard the front portion of 
the wall, the resistance after the first crack will drop to point I’ and then 
begin to build up again at a reduced slope. Point I’ represents the resistance 
of the remaining uncracked segment, consistent with the given deflection, 











Fig. A3.46—Typical shear wall 
crack pattern at ultimate load 
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Fig. A3.47—Resistance function 
for concrete shear wall 


RESISTANCE 











DEFLECTION 


plus the horizontal foree along the erack between the cracked and uncracked 
segment. Point 2 represents the resistance and deflection immediately prior 


to the second erack. The resistance will continue to build up as shown in 


hig. ASAT until the strueture overturns, slides, or fails in Compression 


A limited number of tests have been conducted on specimens ol concrete 
shear walls with 45 deg diagonal tension steel as reinforcing. In general it 
appears that the above arrangement of reinforcing results in slightly stronger 
and stiffer shear panels than for the horizontally and vertically reinforced 
panels, providing the walls are not subjected to a transverse load at the same 
time 

It was pointed out earlier that the walls and slabs connecting to the shear 
walls in a monolithie concrete-slab-type building impart considerable extra 
strength to shear walls above that inherent in the shear wall alone. This 
integral action of slab and wall must be considered in predicting possibilities 
of cracking and hence in selecting planes of failure. It is advisable, therefore, 


to Investigate stresses in the horizontal slab as well as the shear wall, and to 

















Fig. A3.48—Shear wall crack caused by 
redistribution of horizontal load in cracked roof 








BLAST RESISTANT DESIGN 


correlate the stresses in the slabs and in the walls at the points of juncture 
The horizontal slab may be checked for cracking by the same procedure 
used for shear walls. If the slab develops cracks (but does not fail in flexure), 
the horizontal load capacity of the structure may be reduced due to the 
redistribution of the load which is caused by the roof cracks, as shown in 
Fig. A3.48. When the stresses in the roof are not sufficient to cause cracking, 
the slab will supply added resistance to the slab level against cracking 


Cracking and ultimate load for frame with unreinforced concrete filler panel 
ki re d hase 

Assuming the tension column has sufficient capacity to prevent yielding 
along the base, the shear load which produces the first crack can be approxi 
mated by simple beam theory The maximum tensile stress ao; is given by 


oa Oy ‘ ‘ 
mar a ly (Ar + « 2 ' A3.39 


2 2 
QQ 
It 


thickness of the wall 


where 7 shear stress 


static moment of the transformed cross section through the entire panel 
and frame 
moment of inertia of the transformed cross section through the entire 
panel and frame 
compressive stress due to vertical load P, 
0; bending stress 
The allowable tensile strength of the concrete at the same point may be 
taken as 0.10 ff... Eq. (A3.39) can also be used to evaluate the shear load 
r, at which the first crack appears in reinforced concrete filler panels 


The resistance of the shear wall is built up until the concrete cracks, after 
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Fig. A3.49—Ultimate load on 
unreinforced — panel—corner SECTION 
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which it may either increase or decrease until the ultimate resistance of the 
shear wall is reached. The following procedure is proposed for this case by 
which an approximate value of the ultimate load in a plain concrete shear 
panel failing in shear can be obtained 


In Fig. A3.49 is shown a shear wall with a horizontal corner load r, applied 
at the front edge The position of the neutral axis at the base of the wall 
can be obtained by the usual equations of the elastic theory for reinforced 
concrete design based on the transformed section. The value of the length 
eis such that the failure occurs with concrete developing no tension and the 
concrete stress varies in a linear manner from zero at m to f, at n. Allowable 
stresses for steel and concrete are taken as the yield point strength and the 
ultimate compressive capacity, respectively 

The panel is assumed to fail along a line /mn with line mn representing the 
portion of the shear wall under compression. The length « will depend on 
the magnitude of the dead load and the effectiveness of the rear wall in resist- 
ing the vertical compressive forces. The compressive force C can easily be 
computed and the assumption is then made that the horizontal “frictional” 
resistance at the base may be expressed by AC. The value of XC may be 
approximated by Mohr’s “strength theory for concrete.’’* 

This horizontal force is now compared to the maximum value of 7, that is 
obtained from the equation 


rh (D.L.) « Pe, V (A3.40) 
where M is the maximum moment which may be developed at the base by the 
tension on the front column and the compression on mn 

WAC 2 rr, then rv, can be developed and is taken as the ultimate 
load capacity of the panel as determined by the maximum value of 7. If, 
however, AC <r, then it is obvious that 7, could not be developed 
and that the moment determining mn and C cannot be fully developed at the 


base section. For this condition, r, may be determined by assuming a smaller 











value for the restraining moment JJ. This results in a new and smaller 
horizontal force ’C which in turn is compared to r,, the procedure being 
repeated until the relationship AC = r, is obtained 
Plastic 
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Fig. A3.50—Resistance curve for unreinforced 
DEFLECTION filler panel with reinforced frame 


*Taylor, 1). W., Fundamentals of Soul Mechanics, John Wiley & Sons, Inc., New York, N. ¥ 
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The inclusion of reinforcing steel in the shear or filler panel causes a sub- 
stantial increase in the strength and stiffness of the shear panel assembly 
The complete resistance function for the unreinforced filler panel and rein- 
forced frame would have the shape shown in Fig. A3.50 
In Fig. A3.50, | represents the slope of the elastic resistance function: 
r, is the resistance [Eq. (A3.39)|, and x, is the deflection at 


which cracking 
occurs. The resistance function beyond x, 1s 


obtaimed by computing the 
plastic resistance for the combination of stresses at the various times 

For the case of a corner load without vertical load, the following empirical 
equations have been developed :* 


L, 
Fac. 0.13 (1 + 72p) f.’ (A t+ HOA,) (AS.41 
alt j 
L 
I 24 I (A3.42 
h 
where: p steel ratio in panel 
A area of concrete in one column 
A irea of steel in one column 
L distance between centerlines of columns 


As might be expected, the effeet of vertical loads is to increase the ultimate 
resistance of the filler panel. Fig. A3.51 shows an unreinforced concrete 
filler panel which is loaded by the roof slab along the length of the horizontal 
girder. Depending on the magnitude of the vertical loads, the distribution 
of load from, and the strength of, the roof slab shown in Fig. A3.51, the panel 
may crack along a plane such as lmn through the horizontal girder. The 
location of the failure plane /m may be estimated by the failure plane analysis 
method described on pp. 665-669 of Appendix 3 for unreinforced shear walls 
using the gross transformed area of the section 
may be determined in a similar manner 
Appendix 3 


Subsequent cracks, if any 


as described on pp 65-669 of 
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Fig. A3.51—Ultimate load on \ i 
unreinforced concrete filler panel T CIN 
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*Williams, H. A., and Benjamin, J. KR nvestigation of Shear Walls. Part 5, Prediction of the Behavio 
the Plain Concrete, Reinforced Concrete, and Brick Walled Bents under Stat Shear Loading 7 u Key 
No. 3, Department of | Engineering, Stanford University, Aug. 19 
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Pp Fig. A3.52—Ultimate load on 
reinforced concrete filler panel— 
corner load 
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Fig. A3.53—Assumed failure lines for a multistory shear wall structure 








BLAST RESISTANT DESIGN 


(ltimate load for reinforced concrele fille; panel Fixed base 


A plaim concrete panel will usually fail suddenly as a brittle member with 
only a single large crack If the panel is reinforced, however, the cracks 
distribute over the entire panel, thus limiting the size of the cracks to rela 
tively small ones and sudden failure is avoided. This above effect: makes 
the reinforcing of shear panels desirable in structures subject to heavy impulse 
lateral loads. The method for approximating the ultimate load for rein- 
forced concrete filler panels is similar to that proposed for plain concrete 
shear walls 

In Fig. A3.52 the horizontal force \ C is obtained by the same procedure 
followed in the previous case of the plain panel. The existence of horizontal 
reinforcement in the panel results in an additional horizontal force // equal 
to A, f,, where A, is the steel area along the crack and f, is the yield point 
strength of the steel The sum of the horizontal forces /J + AC is then 


compared to the maximum value of r, that is obtained from Eq. (A340 


hig. A3.53 illustrates a typical arrangement of loads for a multistory shear 
wall structure, the notations being the same as for the single-story building 
shown in Fig. A3.43. Assumed failure lines are indicated as a, b, c, 1, 2 
and 3. The investigation of the most critical case can be made in a manner 
similar to that deseribed for a single-story structure. Failure across the 
entire height of the building is illustrated in Fig. A3.54. In addition to the 


above analysis, shear stresses in the wall should be cheeked on horizontal 
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sections at each floor and the roof 
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Appendix 4—Ulitimate Strength of Structural Sections and 
Members 


ULTIMATE MOMENT AND THRUST CAPACITY 


The behavior of members subject to blast load depends on the shape of 
the impulse curve, on the ultimate strength of the member, and on the 
ductility of the member. 

Materials that are brittle fail abruptly at peak load and are not desirable 
for blast resistant construction. Members of such materials, if the duration 
of the load is long compared to the natural period of vibration of the member, 
will usually need to be designed for an equivalent static load that may be 
two or more times the peak intensity of the blast foree. On the other hand, 
ductile members, those which can maintain their peak, or near peak, ultimate 
strength for large plastic strains, need have a static load capacity of as little 
as one-quarter of the peak applied load 

Structural steel and under-reinforced concrete members may be classified 
as ductile materials The characteristic behavior for members of these 
materials may be approximated by a stress strain curve in which the resistance 
increases linearly with strain until yield is reached, after which the resistance 
remains essentially constant for all allowable structural deformations 
Steel members under combined bending and direct stress 

In the elastic range, Fig. A4.la (elastic), the resisting moment is a function 
only of the rotation of the section and is unaffected by the axial load, Thus, 


V (/... )z (A4.1) 


where Z is the section modulus of the member and f = f, 

In the fully plastic state for a beam of rectangular cross section (Fig 
A4.2), it is assumed that axial load is carried at yield stress on the area nearest 
to the neutral axis. The axial load is 

‘J abs, (A4.2 


and yield stress on the remainder of the section will form a couple representing 
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Fig. A4.2—Limiting stress condition for thrust plus moment—rectangular cross section 
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face of the flange 
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Fig. A4.4—Ultimate moment on steel wide 
flange members—axial load over entire web 
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4 
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Reinforced concrete members under combined bending and direct stress * 

The plastic theory of reinforced concrete also provides a simple, consistent 
method for determining the ultimate axial load and moment capacity of 
rectangular and circular reinforced concrete sections for any combination 
of thrust and moment 

Formulas for the various design conditions are given in cases | to II] 
which follow 


Case [1 -Thrust moment capacity governed by compressive strength capacity 
Rectangular seclions 


lig. A4.5 gives the maximum value of axial load which the member can 
sustain for any given eccentricity e, or the ultimate moment capacity Pe 
for any given axial load 2?’ 
Case Il Thrust-moment capacity governed by tensile strength Rectangular 
sections 

1. No compressive reinforcement (Fig. A4.6)—For members with no com- 


pressive reinforcement (Fig. A4.6), the ultimate resisting moment based on 


Width of Beam =b p 
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Fig. A4.5—Combined bending and axial load on reinforced concrete section with compression 
steel 
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tensile failure may be determined Width of Beam = 


from: 





(A4.9 
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- Members with COMPTESSLUE 
re inforce ment | Fig A4.d kor 
members which are over-rein- 


forced on the compression side 














so that the COMpression steel is 





sufficient to take the total com- ' 
Fig. A4.6—Combined bending and axial load on 


pression force without help from reinforced concrete section, no compression steel 
the concrete, for sections failing 


2d’ 
) (A410 
2 d 


\\ hen there Is not sufficient compression steel to take al the COMPpression 


In tension 


force, the axial load at tensile failure is 


P O.85 ¢ bf,’ ) 0.5 + (p ym 
j F / / 


where mi - 
OLS | 


For the case of symmetrical reinforcement, Iq. (A4.11) reduces 


p ossins| (‘ 05) + pam (: 0s) | 


i.+A. 


W here p 
bt 


Case [1] Round columns and square columns with circular core 


Fig. A4.7—Cross sections of 
round columns and _ square 
columns with circular cores Square Column Round Column 


Round columns, thrust-moment capacity governed by compressive strength 
0.85 A. f.’ 
A413 
S16 De 


(O.8 DD + O67 d) 
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, 


Reound columns. thrust-moment capacity qoverned by tensile strength 


p O85 D2 Sf’ (°= 0 32 ad py m 0). Sie 0.38 (A414 
) D 2.5D D 


3. Square columns with circular cores, thrust-moment capacity governed by 
compressiwe strength 
0.85 A. f.’ 
10.2 fe 
(t + O.67 d) 


/ 


/ Square columns with circular cores, thrust-moment capacity governed by 


lensile strength 


r O85 1 ar ( 05) + 0.67 . pom ( 0s) | (A4.16) 
t t t 


All of the above formulas give the capacity ol the member for static loads 
Loadings causing rates of strain greater than those used for standard testing 
result in increased strength 


BUCKLING OF STEEL COLUMNS 


Where buckling Is expected to be a factor in determining the load Capacity 
of members, it will be a function of the moment of inertia and length of the 
member, the restraint at the ends, the eccentricities e,(f) (Fig. A4d.8). and the 
mode of failure. The initial eccentricity e0) may be taken as not less than 
the rolling tolerance or about 1, 1000 of the clear length. The probable mode 
of failure may be predicted from theoretical considerations* or from. test 
results.t The local stability of flange and web elements of column sections 
should be checked on a statie basis for plastic buckling. f As blast forces 
are transient loads, and if the duration of loads is less than that required to 
cause collapse, then buckling may be disregarded even though the critical 
static buekling load is exceeded instantaneously. Where the buckling strength 
is in doubt, a dynamic analysis in the vertical direction may be performed 
Such an analysis could be performed by any of the methods of analysis for 
systems of one or more degrees of freedom. The analogous systems for the 
vertical analysis are shown in Fig. Ad.S8. In framed structures whieh utilize 
columns to provide resistance against lateral displacement, It Is necessary 
to check buckling only in the direction perpendicular to the lateral 
displacement 

For compression members designed according to usual code requirements 
for lateral stiffness, it may be assumed that a member stable under a statie 
load will also be stable under a dynamic load of the same intensity but of 
short duration. In the case of short time loads the inertia of the entire strue- 
ture as well as the internal strength of the column resist buckling 

*Bleich, F., Buckling Strength of Metal Structures, McGraw-Hill Book Co., Inc., New York 

tKetter, R. L., Beedle, L. S., and Johnston, B olumn Strength under bined Ben 


ournal, American Welding Society, Dee. 1952 
tBleich, } op. cit., py $44-448 





RATE OF STRAIN 
Steel 
When the rate of loading is increased 
beyond the standard specified rate: 
(1) the yield point is increased, and 


there may be a time delay before 











plastic straming is initiated; (2) the 
occurrence of work hardening is de- 
layed from the usual strains of I's to 
y 4 percent Tol ‘Static’ loads to 3 or 4 
percent under the higher rates of load- 
ing: (3) the strain energy absorbed 
s appreciably greater; and (4) the 
reversion to a lower yield point is 
delayed until strains of about 3. per- 
cent are reached under the highet 
rates of loading 
Under rapid tensile loading the 

idealized dynamic stress-s trai curve (a) 
is given in Fig. A4d.9. The increase Fig. A4.8—Equivalent system for buckling 
in yield point under dynamic load- ES ew eee 


ing C, depends on the rate of loading and can be obtained from Fig. A4.10 


Ductile materials such as structural steel stressed in compression may be 


expected to have the same static yield point and similar increases in yield 
point and energy absorption at increased rates of loading 

The same increase in strength may 
he assumed for rivets and welds as 
are made for the structural steel ele- A’ Dynamic 


» 
Veo er 
ments ) which hey are a ached ! 


Concrete Static 

experiments bythe National Bureau 
of Standards* show that concrete 
cylinders subjected to compressive 
dynamic loading have approximately 
10 percent greater strength than is 
obtained from standard tests even 





though the loadings used in these tests 





iF -2% 
STRAIN 


Fig. A4.9—Typical stress-strain curve for steel 
in tension 
with rate of loading was represented static yield point 
, dynamic yield point 


had a substantial time of rise. In 
other tests of 6 x 12-in. eylinders,f it 


was found that the increase in strength 


fairly well by the relationship 


*Watstein 
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f=hi + K, logy R) 
where | strength at given rate of loading 
R rate of stress application in psi per sec 
f strength at rate of stress application of | psi per sec 
K a constant having a value of 0.07 for 7-day tests and 0.08 for 28-day tests 


Since f; is not the “static” strength used for design, Eq. (A4.17) should not 


be used directly to obtain strength increases. Safe design increases for beams 
and columns can be obtained from the curves shown in Fig. A4.10. The 
curve for under-reinforced members gives the increase in reinforcing steel 
yield point and the curve for compression members gives the increase in 
concrete ultimate strength 

It is presumed that similar increases in shear and tensile strength are 
developed although substantiating data are not presently available 


Recommended maximum increase in strength 
Because of the lack of complete data on the effects of rapid loading it is 
deemed advisable to set upper limits on the allowable increase in ultimate 
strength as follows: 
(a) Reinforcing steel 
Tensile and web reinforcement in flexural members 35 percent 
Compressive reinforcement 15 percent 
(b) Concrete 
Compression in flexural members 35 percent 
Compression In axially loaded columns i) percent 
Bond and di wonal tension in flexural members 1D percent 


(ce) Structural steel 60 percent 


Effect of initial static stress 

The increased yield point due to dynamic loading is measured by the time 
required to reach the yield point starting trom an Initial stress (and strain 
of zero. Where a substantial portion of the elastie range is required to carry 
static loads (dead and or live load) the time to reach yield point must be 
adjusted as follows 


/ 
t, (adjusted ly actual = 
ly Fins 


Flexural members with multiple critical sections 

When yield is reached at different points in a member at different strains 
the resistance-deflection curve will be similar to that shown in Fig. A4.11 
For such conditions the dynamic increase should be separated into two 
(or more) parts 

For example, consider a beam of uniform cross section fixed at both ends 
and carrying a uniformly distributed load. The bending moment at the ends 
being greater than that at midspan, the end sections will vield first and the 
dynamic increase for these sections is based on the time required for them 
to reach their yield moment capacity. The resistance corresponding to this 
condition is 


R,’ me: UD L 2 
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Elastic End sections | End and mid - sections 


plastic T- plastic 





Resistance 








A, A, Re ee 
Deflection 


Fig. A4.11—Resistance-deflection curve 


The time to reach yield at midspan is that at which the resistance becomes 


equal to: 
(A4.20) 


The total dynamic resistance of the beam is 


(M ) (DT + (igs, 0) (D2 | 


STRESSES FOR USE IN ULTIMATE STRENGTH DESIGN 


Since particular test results generally cannot be obtained during the design 
period prior to construction, it is necessary to resort to previous tests on 
similar materials and to specified minimum values as given by the American 
Society for Testing Materials or other organizations 

Ilowever it should be noted that test results often indicate strengths con- 
sistently above the minimum specifications. In such cases it is desirable 
to evaluate the variation on the basis of previous experience and take ad- 
vantage of the difference between the minimum and the actual average 
strength for the purpose of economical design 

In the case of material such as conerete which is produced during con- 
struction, much is dependent on field supervision and construction conditions 
The crushing strength f.’ used for design may be specified in the usual manner 


or based on the results of tests performed on evlinders made from trial batches 





using the actual cement, aggregates, and water. The design value of f.' for 
the over-all structure acting as a unit may then be based on the average 
evlinder strength of the accepted mix and on the minimum cylinder strength 
for the design of isolated or eritical members 
Reinforced concrete 

The following ultimate static stresses based on f.’, the compressive strength 


derived from a standard 28-day 6 x 12-in. evlinder test, are recommended 


(C‘ompression 
f. im conjunction with the formulas based on plastic theory of reinforced 


eoncrete 


She ai 


[Since completion of the original report on which this paper is based, labo 


ratory tests and theoretical analyses conducted under joint ACTI-ASCE 
Committee 326, Shear and Diagonal Tension, have indicated that the methods 
presented for computation of the ultimate shearing (diagonal tension) strength 
of flexural members were in need of revision to make them more generally 
applicable. These methods have therefore been omitted and the reader is 
referred to recent ACT JOURNAL papers on this subject and to the forthcoming 


report of Committee 326.] 


} 


Bond 
For all concrete strengths 500 psi top steel 
750 psi bottom steel 


A nehor ade 


For all concrete strengths use 3/4 4 (50 percent of steel to be continuous 


Direct tension 
fi © OOF, 


Reinforcing steel 

In the absence of specific test data for the particular steel used on any 
project, the specified minimum yield points for the various steels may be 
used with conservative results. However, the average “statie’’ yield) point 
for intermediate grade steel, conforming to ASTM Designation A 15, for which 
the minimum specified yield point is 40,000 psi, may approach 50,000) psi 
and this latter figure is recommended for use if more specific information Is 


not available 


Structural steel 

For structural building and bridge steel conforming to ASTM) Designation 
A 7, for which the minimum specified yield point is 33,000 psi, tests indicate 
an average vield point of about 40,000 psi. The latter figure is recommended 
for this grade of steel. In the case of other types of structural steel (nickel 
silicon, rivet, ete.), the minimum ASTM requirements should be used unless 


specific test data showing otherwise is available 














Title No. 51-33 


Vibro-Cast Concrete Pipe for San Diego Project’ 


By S. J. TURLEYT 


SYNOPSIS 


The manufacture and production of large diameter concrete pipe used on the 
San Diego Aqueduct for transporting water in rough mountainous country are 
described with emphasis on the control and amount of concrete involved 

Use of overhead cranes for all pipe handling, close control of vibration, use 
of the largest practical size of aggregate with a lower cement factor, and a re 


duced amount of entrained air contributed to the production of excellent pipe 


INTRODUCTION 


The San Jacinto-San Vicente aqueduct of the San Diego project consists of 
two large diameter precast concrete pipe lines which carry Colorado Rivet 
water to the member agencies of the San Diego County Water Authority to 
augment the domestic and irrigation supply for the city of San Diego and 
surrounding communities. 

To relieve the serious water shortage faced by San Diego, due primarily to 
the abnormal war-time growth of the city and surrounding areas because of 
the Navy installations, and aircraft and defense industries erected during World 
War II, the ‘first barrel,” as it is commonly known, was constructed in 1946 
The United States Bureau of Reclamation was in charge of plans and specifi 
cations, While the task of construction of the aqueduct was given to the Navy 
Department. 

In the next five years, San Diego continued to grow and the population in 
creased so rapidly that the water shortage problem again presented itself 
Augmented by some unusually dry vears, this growth necessitated the con 
struction of the ‘second barrel,” with a full capacity of 165 cfs, years in advance 
of the forecast. The Bureau of Reclamation was called upon to make the 
preliminary report, to design and prepare specifications for the second barre!) 
and ultimately to construct it. The San Diego aqueduct originates at the 
outlet portal of the San Jacinto tunnel where Colorado River water is diverted 
from the Metropolitan Water District of Southern California main aqueduct 
The water is carried through a gravity flow s¥stem of concrete pipe and tunnels 
71.1 miles to the terminus at San Vicente reservoir, where in turn it is taken by 
San Diego as needed. 

*Received by the Institute July 14, 1954. Tithe No. 51-33 is a part of copy 
Concrere Instrrute, V. 26, No. 7, Mar. 1955, Proceedings V. 51. Separate | 
Discussion (copies in triplicate) should reach the Institute not later than July | 
Rd., Detroit 19, Mich 

tMember American Concer stitute, Materials engineer, U.S. Bureau of Reclar 


tTWoodin, D. K Precasting Concrete Pipe for the San Diego Aqueduct AC] Jouwna 
44, pp. 261-288 
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FEATURES 


The first aqueduct was designed and constructed with all eight of the tunnels, 


the first two miles of pipe, and the bifurcation structures built to full capacity. 


This left 61 miles of pipe to be manufactured and installed to increase the 
aqueduct to the full designed capacity. 


The second barrel was constructed with turnouts for member agencies of 
the San Diego County Water Authority and also extra turnouts were provided 
for potential water agencies that may participate in Colorado River water 
through annexation tothe Metropolitan Water District and San Diego County 
Water Authority. Two wasteways were provided to facilitate draining the line 
in the event of an emergency such as a break in the pipe line. At the southern 
end, the existing LaMesa-Sweetwater turnout structure was enlarged and 
remodeled to include metering equipment for measuring flows discharged into 
San Diego's San Vicente reservoir. 


DESIGN STANDARDS FOR VIBRO-CAST LOCK-JOINT CONCRETE PIPE 


The design called for 75-in., 60-in., 54-in., and 48-in. inside diameter con- 
crete pipe. For 100-ft heads or less, two layers of reinforcing steel properly 
sized and spaced to yield the required area were incorporated with the joint 
rings. The rings consisted of a metal bell ring and spigot ring, and were welded 
to longitudinal steel bars. The two layers of reinforcement were spirally wound 
at the required spacing to form the steel “cages.”’ These were known as non- 
cylinder pipe. For pipe with heads in excess of 100 ft, a steel cylinder was 
welded directly to the joint rings and one layer of reinforcing steel was wound 
around longitudinal bars to form the outer layer of steel reinforcement. For 
pipe with greater than 175-ft heads additional steel was wrapped around the 
cylinder. Tables in the specifications designated the amount of steel required 
and the gage of plate steel for eylinder fabrication for each class of pipe depend- 
ing on the operating head and depth of backfill. This type of pipe is commonly 
known as evlinder pipe The cylinder was rolled and welded with the joint 
rings incorporated and tested with hydrostatic pressures capable of stressing 
the steel to 20,000 psi The required pressure, depending on the gage of metal 
used in the evlinder, was held long enough to check all welds. If leaks appeared 


they were repaired and retested. Table 1 shows the amount of pipe produced 


Steel joint rings, consisting of a spigot ring shaped to a very close tolerance 


and provided with a recessed groove to contain a round rubber gasket, were 


TABLE 1—LINEAR FEET OF PIPE 


Pipe ‘Total wall American Pipe & United Concrete Basalt Rock 
asvinbol thicknes mn Construction Co Pips Corp (‘o 


75-in i'4 18,024 

OO-in 6% 31,054 15,672 

54-in 6h, 29,208 
18-11 134 20,735 16,675 122, S84 





NCRETE PIPE FOF 


designed to fit snugly into the bell ring when the pipes were placed together 
to provide a water seal in the joint. This allowed some movement in the pipe 
section if needed, and still retained the watertight joint; at the same time 
allowed some flexibility in the completed pipe line. The thickness of the plate 
steel used to fabricate the bell ring varied from \, in. for 350-ft-head pipe to 
14 in. for heads up to 650 ft. For non-eylinder pipe, the spigot ring required a 
ig Xx 2! 3-1 skirt plate welded to the Spigol ring For field identification the 
pipe number, date, head type of cement, and amount of bevel was stamped 
on the edge of the spigot ring alter the evlinder was Incorporated This was 
stamped at the long pont lor beveled pipe 

The 75-in pipe Was manufactured in 16-ft lengths, as were all dS-in. and 
60-in. pipe manutactured by American Pipe and Construction Co., South 
(rate, Calif 

The 48-in pipe manufactured by United Concrete Pipe Corp sSuldwin 
Park, Calif., was also cast in 16-ft lengths, but most of the 60-in pipe produced 
in this plant was cast in 24-ft lengths. The 24-ft lengths required closer super 
Vision In casting to overcome placing difficulties which resulted in improper 
consolidation of the concrete at the inner surface of the evlinder pipe and in 
many Instances required extensi e repairs. Also, the longer lengths were diffieult 
to lay on the steepel slopes and sharper curves. S. A. Healy Co., one of the 
contractors, had no difficulty in laying 4dS-in. pipe in 20-ft lengths. Nor did 
Basalt Rock Co. have any unusual difficulty in manufacturing these extra 
length pipe. 


Special connections were installed in pipe sections Tor manholes, blow-off 
vents, and turnouts. Steel sleeves for these structures, with reinforeing collars 
welded to them, were cast in the shell of the concrete pipe ‘Transverse and 
longitudinal bars were welded to the reinforcing collars and the sleeves (Fig. | 


| l 


\fter the pipe was steam cured, steel nozzles were welded into the steel sleeve 


Aggregate for pipe production 


Aggregate for concrete produced at the pipe plants was furnished from pre 


viously tested commercial sources in the San Gabriel wash and Riverside areas 
Previous tests showed that the aggregate contained in ivnificant amount 
of deleterious rock. Therefore, the requirement for low-alkali cement wa 


rest inded Agyre gate sources are shown Ith Table 2 


0 Se eens ~ 


> 


Fig. 1—Welding manhole ring 
onto reinforcing of cylinder pipe 
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Cement 

Federal Specifications SS-C-192a required the cement to be Type II, low- 
alkali, or Type V, low-alkali, in designated areas where the soil and ground water 
was known to contain sulfates in quantities sufficient to be injurious to the 
concrete.* All cement used was tested by the National Bureau of Standards 
and released for shipment upon the completion of tests. 


Concrete mixes 

The mixes used in the manufacture of vibro-cast lock-joint concrete pipe 
were proportioned using the largest maximum sized aggregate specified, 7.¢., 
114-in. rock for the non-cylinder pipe and 114-in. maximum aggregate for 
cylinder pipe. 


The starting mix used at the American plant contained 1.60 bbl of Type \ 


cement per cu yd, a water-cement ratio of 0.51 at a 3-in. slump, 35 percent 
sand, 11 percent No. 4 to %% in., 37 percent % to Il in., and 17 percent 
IY to Ig in. 

The cement factor was soon reduced to 1.50 bbl per cu yd of concrete and 
so remained for the rest of the non-cylinder pipe production. Before the pipe 
were tipped, 3500 psi compressive strengths were obtained by steam curing 
at controlled temperatures for 60 hr. The temperature was held at 100 F 
until forms were stripped, usually at 6 hr, then optimum temperature of 130 f 
was continued for the remainder of the 60 hr. 

There were 1.55 bbl of cement per cu yd of concrete used for the small 
amount of eylinder pipe manufactured in this plant. Maximum 1!¢-in. rock 
was used, 

The mixes used for pipe production at United Concrete Pipe plant were 
essentially the same as those at American Pipe and Construction Co. plant. 
The cement factor was identical, except that Schedule No. 3 required more 
cylinder pipe, necessitating 1.55 bbl of cement per cu yd. The rock furnished 
to this plant from Graham Brothers’ plant in the San Gabriel wash was of 
excellent quality, screened on the commercial size ranges of No. 3, which 
graded from 4% to 1 in., and the No. 2 rock graded from 1 to L!y9 in. Good 


workability and strengths were obtained with a minimum of concrete control 


Concrete production 

Basalt Rock Co., during the preliminary planning and erection of thei 
concrete pipe plant, was advised by the Bureau of Reclamation of the necessity 
of having adequate facilities for testing steel and for concrete control. Conse- 
quently, a fully equipped and modern testing laboratory has been established 
as a permanent part of their plant. 

All three plants maintained concrete slumps of 2!o- to 3-in. maximum and 
never Was it found necessary to exceed a 3-in. slump. If slumps in excess of 
3 in. were used, due to an error in batching, rock pockets due to separation 
were usually observed in the pipe. The average slump used was 2! 9 in. 


*However, the specifications rescinded the low alkali requirement for either type of cement if ag 
indicated insignificant amounts of deleterious rock 
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The American and United plants used revolving cranes which moved on a 
fixed track and were powered by diesel-electric units. The Basalt plant was 


set up with an overhead crane used for transporting the concrete and all other 


handling of pipe. Basalt and United employed a man to ride on a platform 


which was attached to the side of the bucket. The bucket discharged from the 
bottom and was controlled by an air valve release at the platform. This placed 
the man immediately over the form when he discharged the concrete. 

The American Pipe plant railroad crane brought 4-cu yd buckets of con- 
crete from the nearby batching and mixing plant. Each pipe was equipped with 
a bucket-like hopper and a cone provided for placement of concrete simulta- 
neously in several pipe forms to prevent too rapid filling (Fig. 2a.) The load is 
released automatically when the “bail” on the hopper engages a ball-shaped 
stopper at the bottom of the bucket, pushing it up to start flow. This eliminates 
the need for a man on the bucket. At the hopper an operator transfers the con- 
crete to the pipe, causing it to slide along a conical surface to minimize segrega- 


tion, as shown in Fig. 2b. Consolidation is accomplished by external vibration 


MIX PLANTS 


Mixing plants used by the three manufacturers were essentially the same in 
that a 2-cu yd mixer was used to mix the concrete big. 3 Keach plant used a 
f-cu vd bucket and placed two 2-cu yd batches in the bucket. 

Aggregate was stored in bins above the mixer and weighed separately. The 
cement Was stored in two large silos; one for Type Il and for Type V, so that 


each type was available when needed and weighed on separate cement scales 


Fig. 2a (left)—Bucket dis- 
charges into hopper filling 
several forms simultaneously. 


Fig. 2b (below)—Closeup at 
bottom of hopper. Mildly 
vibrating cone distributes con- 
crete and prevents segregation 
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\n alr-entraining agent was used primarily to improve the workability of the 


conerete. It was necessary not to exceed 2 percent of entrained air to keep 


the concrete from stratifying with coarse aggregate settling and leaving only 
frothy mortar at the top This occurred at the spigot end of each pipe when 
the powerful external form vibrators were permitted to run after the forms 
vere full. The limitation of air content to 2 percent appears low but was 
arrived at by test. Two percent gave the required workability. An air content 
of from 3 to 5 percent can well be justified providing optimum mix propor- 
tions and aggregate gradation control can be continuously maintained \ll 
air-entraining agents were incorporated with the water used in the mixing 


of the concrete 


VIBRATORS 


American started with three Viber, Model PX-608, air-driven vibrators 
mounted on each 16-ft form located at the third points and 120 deg from each 
other radially. To avoid overvibration, vibrators were shut off as the concrete 
level reached a point a few feet above each of the two lower vibrators. Vibrators 


at any level were not allowed to run when concrete was not going into the 


forms. Only the upper vibrator was allowed to run as the upper portion of the 
pipe form was being filled and this vibrator was shut off immediately when 
the form was full to the top of the spigot end of the pipe 

\fter some experimentation with only two vibrators, permission was granted 
to discontinue the use of the third vibrator. Although three vibrators were 
used to start production of the 75-in. pipe, two vibrators were used for 


all the rest of the pipe Two vibrators were commonly used by United Concrete 


$ 


Fig. 3—United Concrete Pipe Corp's. batching 
plant is typical of those used by all suppliers 
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Fig. 4—Vibrators on 24-ft form. In background 
are steam boxes for curing 


Pipe Corp. and had been used for some time even on 60-in. pipe in 24-ft lengths 
(Fig. 4). Basalt Roek Co. started with two vibrators, tried three, then returned 
to the use of two. Basalt used 45 pneumatic external vibrators, Viber, Model 
PX-708, during peak production. 


For placing concrete in non-cylinder pipe where more room is available for 


the entry of concrete, a large cone, shaped to fit over the spigot end of the pipe 


was used to evenly divert the concrete from the bucket to fill the form uni- 
formly. On the cylinder pipe, concrete was placed on the top lid or ring from 
the bucket and then shoveled into the forms, Fig. 5a, taking care to keep more 
concrete at the inside wall than at the outside wall to get the maximum effect 
of the vibrators. The top —or head— ring fits over the spigot ring and helps 
space the reinforcing steel, Fig. 5b. These top rings must fit closely on highly 
beveled pipe as well as straight pipe to keep the spigot ring true while the 


conerete is placed 
CURING 


Precast lock-joint pipe were cured by placing a large enclosure over the 
pipe while it was in a vertical position. Three hr after filling the forms, steam 
was introduced and held to a maximum of 100 F until the following morning 
At that time the steam was shut off, the enclosure removed, and the inside 
and outside forms stripped from the pipe. After stripping the forms, the enclo- 
sure was replaced and the steam introduced and maintained at an optimum 
temperature of 135 F. The temperature of 135 F was determined by test to 
give the required concrete strength in the minimum length of time, as the time 
of steam curing greatly affected the production schedule. After a minimum 
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Fig. 5a (top)}—Placing concrete 

from bucket. Concrete was dis- 

charged onto head ring and shov- 

eled into form. Fig. 5b (bottom)— 

View of head ring for 48-in. bev- 

eled pipe. This ring is used in mak- 
ing 21/-to 334-in. bevels 


of 60 hr of steam curing, the pipe was removed from the base rings and trans- 


ferred to the storage yard. There it was cleaned, joint rings painted, repaired 


if necessary, and marked 


Curing time varied in the different plants, depending upon the steam facili- 
ties and control. In one plant, steam Was supplied by a 200 hp boiler capable 
of 125 Ib maximum pressure. However, it was operatéd at 95 lb pressure and 
produced sufficient steam for 16 steam boxes, each containing & pipe per box 
The steam boxes were constructed of marine plywood reinforced with angle 
iron braces. The boxes were 16 ft wide, 32 ft long and 22 ft high, see Fig. 4 
The boxes were equipped with thermometers which showed daily that the steam 
temperatures were controlled at 130 F. No trouble was experienced with the 
temperature being higher or lower than the average. This particular steam 
boiler used gas for fuel, but was also equipped with fuel oil lines for emergency 


use The concrete control cy linders were ¢ ured hy the Same mnie thod it the pipe 


REPAIRS 


Repair work to the concrete surfaces immediately upon stripping of the 
forms and curing the patches with the basie concrete sections is far superior 


and durable but except for the Impertections on the outside at the bottom 
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Fig. 6—General view of Basalt Rock Co. operation. Overhead cranes were used effectively 
throughout 


where access is possible, it was not always possible to insist upon prior repairs 


being completed because of the interruption of the production schedule. 

At one pipe plant, considerable repairs were necessary on the bottom 2 ft 
of the interior surface of cylinder pipe. This was caused by failure to maintain 
the placement of concrete on the inside surface well ahead of the outside sur- 
face, and by faulty vibrator pads. The welds fastening the vibrator pads to the 
outside forms broke and vibration was thus hindered and reduced. Repairs 
were made by removing all defective concrete, incorporating 2 x 4 in. wire 
mesh and shotereting. In another plant where repairs were less frequently 
required, repairs were accomplished by chipping, incorporating the 2 x 4 in 


wire mesh and patching using the same concrete mix As used in the pipe. 


TESTING PIPE LINES 


\fter the pipe line was completed, the contractor tested for watertightness 
using specified hydrostatic pressures for 24 hr. The specifications required 
that the various sections of pipe line be tested under pressures equivalent 
but not higher, to the surface elevations given on the specification drawings 
The surface elevations shown on the drawings for each test section were 
the maximum operating heads for that section. The maximum allowable 


leakage was not to exceed 50 gal. per in. of internal diameter per mile in 24 hi 
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With the greater portion of the pipe line now tested, the actual leakage was 


found to vary from 7 to 36 percent of the allowable value 


CONCLUSIONS 
|. The use of overhead cranes for all pipe handling proved practical (Fig. 6). 


2. The use of 2!-in. slump concrete proved to be ideal, and any slump in 


~ 


excess of 3 In. Was unnecessary and unwarranted 


4. Control of vibration and limitation of entrained air to 2 percent were 
necessary to insure excellent pipe surfaces and sound spigots. 

1. The use of the largest practical, maximum size aggregate 115 in. fon 
non-cylinder pipe; with low slump, entrained air content, and cement factor, 
1.50 bbl per cu vd of concrete; resulted in excellent pipe production in all 


three pipe plants. 
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A report of research sponsored by the 
Reinforced Concrete Research Council 


Shear Strength of Reinforced Concrete Beams® 


Part 4—Analytical Studies 
By K. G. MOODY ¢# and |. M. VIEST 


SYNOPSIS 


tesults of tests on 136 simple and restrained rectangular beams, with and 
without web reinforcement, failing in shear were reported in Parts 1, 2, and 
3 and are analyzed in this paper. From the reported tests, it was found 
that to predict the shear strength of a reinforced concrete beam two ana 
lytical expressions are required: (1) for the load at which diagonal tension 
eracks form, and (2) for the load at which the compression zone of conerets 
is destroyed. The solution of the first problem, the cracking load equation 
was obtained from test data as an empirical expression for the nominal shear 
Ing stress corresponding to the maximum shear; the second problem the 
ultimate strength equation, was solved by a semi-rational expression in 
terms of the ultimate moment at the failure section 


INTRODUCTION 

In Parts 1, 2, and 3 of this series'** results of tests of 136 simple and 
restrained rectangular beams failing in shear were reported. These tests 
included beams with and without web reinforcement loaded with symmetrical 
concentrated loads in such a manner that the maximum shear was constant 
along two portions of the span length, and the maximum shear and maximum 
moment coincided at two or more sections. It was shown that, until diagonal! 
tension cracks formed, the behavior of beams was not influenced noticeably 
by the presence of shear. In a number of beams without web reinforcement, 
the load at which diagonal cracks formed was the maximum load sustained; 
however, all beams with web reinforcement and the majority of beams with 
out web reinforcement were able to sustain further increases of load before 
failure occurred. In the latter cases the maximum load was reached when 
the compression zone of concrete located at the compression end of a diagonal 
tension crack was destroyed. It appears, therefore, that for predicting the 
shear strength of reinforced concrete beams it is necessary to have analytical 
expressions for two loads: (1) the load at which diagonal tension cracks 
form, and (2) the load at which the compression zone of concrete is destroyed 
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Analytical expressions for both loads are presented for rectangular beams 
of the type tested. The solution of the first problem, the cracking load 
equation, was obtained from the test data as an empirical expression for the 
nominal shearing stress corresponding to the maximum shear. For the 
second problem, the ultimate shear strength equation, a semi-rational solution 
was obtained in terms of the ultimate moment at the section where failure 
occurred, Several parameters contained in the last equation were obtained 


empirically from the test data 


DEFINITIONS AND NOTATIONS 


Cracking load is the load at which a diagonal tension crack forms.* 

Shear span is the portion of the span length subjected to maximum shear; for beams of 
the type tested in this investigation it is the distance between a support and the nearest 
interior load point 

Critical section is the section at which failure occurs; in beams of the type tested in this in- 
vestigation, it is approximately the section of maximum moment and shear. Conerete located 
between the compression end of a diagonal tension crack and the nearest compression surface 
of the beam is called the compression zone of concrete; this zone is subjected to compressive 


stress throughout its full depth 


2 


*Por 


4 


effective shear span, defined as 
the distance between the critical 
section and the Opposite end of 
the shear span (Fig. 3a) 
distance between the bearing 
blocks in the shear span (Fig 
bu) 

dimensionless parameters 

width of a rectangular beam 
COTAPPession floree im concrete 
(Fig. 3b and 4) 

eflective depth ol tension rein- 
forcement (Fig. 3b) 

eflective depth ol compression 
reinforcement (hig. 3b) 
distance between the tension 
ind compression reimtorcement 
(Fig. 3b) 

modulus of elasticity of rein 
forcing bars (throughout this 
paper taken as 30 * 10° psi) 
reduction factor given by keg (e) 
compressive strength of 6 x 12 
Ith concrete control evlinders 
stress in the tension reinforce 
ment at failure 

stress in the compression rein 


forcement at failure 


definition and deseription of diagonal tension ¢ 


a shear spin (Fig. 3a) ~ vield point stress of the com- 


pression reintorcement 


vield point stress of the web 


reintorcement 


coefficient defining the magni- 
tude of the force C in the con- 
crete in a beam at failure 
(Fig. 4) 

coefficient defining the position 
of the force C in a beam at 
failure (Fig. 4) 

ratio of the compressive 
strength of concrete in a beam 
to f.’ (Fig. 4) 

ratio of the depth of the com 
pression zone at the critical 
section in «a beam at shear 
failure to the effective depth of 
the beam (Fig. 4) 

property ol the hypothetical 
strain distribution diagram for 
the critical section in a beam at 


shear failure (Fig. 5) 


Sin a («i a 


Slha\siia + COS a 


bending moment at the critic al 


section 


es | and 2 
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DIAGONAL TENSION CRACKING 


Initial cracking load 


The phenomenon Ol diagonal tension crackin 
flexura ind hear Lresst 


been 


combination. of 
On the 


made to ¢ xpress this phenomenon in term 
ordinary theory of flexure, but they have n gener 
applicability In Is nvestigatior in empiri ( ) th problem 
has been obtained 

To obtain an empirical equation for the er: the nomina 
stress in the shear span corresponding to oad 
terms of the variable known to trend 
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Fig. 1—Nominal shear at initial diagonal tension cracking 
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Number 


?, cale 
of beams Averag 


Standard 


vp, test deviation 


Restrained beams with inclined stirrups 
1 O20 
| 
Simple beams without web reinforcement 
1.152 


0.932 


1 O05 


0.117 
0 067 
0.090 


Average 1.027 


Simple beams with vertical stirrups 


1.205 


for all beams 1.029 


The standard dey 


1atlOons 


indicate a relatively large spread of values; 
theless, im the absence of a better correlation, the accuracy of Eq. (1 


never- 
is Con- 
sidered satisfactory for both simple and restrained beams with and without 
web reinforcement 

hq. (1) was derived from the test data with a limited range of variables 
including the dimensions of the cross section b and d, the percentages of 
reinforcement p and j and the ratio W/Vd 


1) is believed to be appli- 
Hlowever, its applicability to 


the strength ol conerete Ay 
The ranges of these variables were such that Kq 


cable to most beams commonly encountered 


TABLE 1—COMPARISON OF TEST RESULTS AND CALCULATED VALUES 
Restrained Beams Without Web Reinforcement 





HEAR STRENGTH OF BEAN 


TABLE 1 (Cont'd.}—COMPARISON OF TEST RESULTS AND CALCULATED VALUES 
Restrained Beams Without Web Reinforcement 





TABLE 2—COMPARISON OF TEST RESULTS AND CALCULATED VALUES 
Restrained Beams With Stirrups 





TABLE 3—COMPARISON OF TEST RESULTS AND CALCULATED VALUES 
Simple Beams Without Web Reinforcement 








70¢ OURNAL OF THE AMERICAN CONCRETE INSTITUTE March 1955 
beams of unusually small or large cross sections and to beams with concrete 
strengths greater than 6000 psi is questionable; and an extrapolation beyond 
the range of MW Vd covered in these tests is not warranted 

The range of M/Vd in the test beams was 0.57-3.33. According to Kq 
(1), a beam with W/Vd 10 should crack at the application of even the 
smallest load. Since beams with large W/Vd values must possess some 


strength in diagonal tension, hg (1) is not applicable to very long beams 


Second cracking load 

In many restrained beams, particularly those without web reinforcement, 
a second distinet major diagonal tension crack was formed in the same shea: 
span as the first erack, before failure occurred. The following equations, 
giving the nominal shearing stress v.’ at the formation of the second major 
diagonal crack, were found to express the trend of the test data with reasonable 
ACCULACY 


hor f.’ 2000 to 5000 psi 


\ f 
0.20 f. i 1 
‘a bd 1LO.000 


JOOO to GOOO psi 
2b 
In hig 2 the nominal shearing stress 7 ’ i plotted as a function of the 
concrete strength ff." for all beams in which both diagonal tension cracks 
were present at failure; the test data shown as circles may he compared 


with Inq. (2) shown as a line. Comparisons between nominal shearing stresses 
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Fig. 2—Nominal shear at second diagonal tension cracking 





HE AR ENGTH OF BEAM 
computed from test data and from Kq. (2) are given in Table | hese 


comparisons may be summarized as follows: 


Number \ 


verage 
of beams v.’ lest deviation 


t cal Standard 


I , 0 996 0 144 
I] 1 006 0 268 
I\ 1 36 
Vi 5 0 804 


Average 0 94 


The standard deviations indicate a considerable spread of values Never 
theless, the correlation is considered satisfactory since the magnitude of the 
second cracking load is needed only for estimating whether full redistribution 
of internal stresses? would occur before failure; it is not needed, however 


lor computing the ultimate shear capacity of a beam 


ULTIMATE STRENGTH ANALYSIS 


It has been stated previously that a rational approach to the problem 
of the initial diagonal tension cracking load yielded no satisfactory general 
solution. An analogous situation existed with respect to the ultimate strength 
It was necessary, therefore, to have recourse to empirical methods for obtain 
ing expressions from which the ultimate strength of reinforeed coneret 
beams failing in shear could be estimated. Moretto* and Clark® developed 
empirical expressions for the nominal shearing stress at ultimate load i 
terms of variables known to have influence \VIoretto accounted for the 
effects of the strength of concrete, the percentage ol longitudinal remfores 
ment, and the percentage of web reinforcement as follows: 

’ O.10f.' + 5000 p + K'rf 
Clark, who tested beams of variable span length, included the ratio of the 
shear span to the effective depth in addition to the variables considered by 
\Moretto: 


0.12 / (O00 p + 2Zo00 ¥ 


a 
Both equations were developed on the basis of tests of simple beam 

In connection with this investigation an attempt was made to develop an 
equation for v, which would be applicable to both restramed and = simple 
beams. Although it was found possible to express the ultimate nominal 
shearing stress for restrained beams by equations of the types indicated 
above, no single equation applicable to both simple and restrained beam 
could be established. Therefore, the empirical approach through the nominal 
shearing stress Wis abandoned and am more rational approach Wi ought 
through studies of the observed behavior of the test beam- 

It has been observed in the tests of both simple and restramed benim 


that failure occurred by destruction of the compression zone over a diagona 
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erack, always near that end of the shear span at which the moment was 
yreatel Furthermore, these'? and other tests®’ suggested that the ulti- 
mate moment at this critical section may be independent of the magnitude 
of shear, and Zwoyer’ pointed out that a shear failure is similar to a com- 
pression flexural failure. Zwoyer’s finding is supported by the facts that 
the shear failure usually occurs before vielding of the tension reinforcement 
and that the ultimate shear load depends primarily on the strength of con- 
crete and to a lesser degree on the percentage of longitudinal reinforcement 
Kor these reasons a semi-rational analysis of the shear strength In terms ol 
ultimate moment was developed.* The analysis contains several empirical 
parameters; with parameters derived from these and other tests, the analysis 
was found to be capable of predicting the ultimate shear strength of rein- 


forced concrete beams within a wide range of variables 


Basic assumptions 

A restrained beam on the verge of shear failure is shown schematically in 
hig. 3a. Diagonal tension cracks have developed as deseribed in Part 2, 
and full redistribution of internal stresses has occurred. A general expression 
for the ultimate moment of a beam failing in shear miy he derived by con 
sidering the equilibrium of the free body shown in Fig. 3b. However, several 


assumptions must be made first 


(4) Beam with Two Oragonal Crack: 


,_é 





> 











(b) Free Body A 





| a 


N 


\ 


~ 


3—Restrained beam at 

failure 

*That the sh« ve 
shown alae b 


test data fo 





kor the purposes ol the ultimate shear strength analysis, it Is assumed that 
| No stresses can eXIs In the conerete wross the diagonal tensior rach 
2. Conerete cannot resist tension 


3. Tension reinforcement does not transfer shear 


1. Longitudinal reinforcement in the compression zone 


lorcement) is stressed in tenspon 


curs by destruction of the COMpression Zone ol 
tf maximum moment in the region of maximum shear 


6. Stresses in the compression zone of concrete form a stress block 


vhich may be defined with the aid of three parameters as shown in Fig. 4 

That no stresses can exist in the concrete across the diagonal tension crack 
was evident from the tests since these cracks were wide open before the shea 
failure oceurred 

It is well known that the second assumption is only an approximation 
At shear failure, the conerete is capable of carrying some tension at the 


critical section, but the contribution of this tensile strength of concrete to 


the load carrying capacity of the beam is believed to be negligible 
The third assumption is also only an approximation The tension rein 

forcement acts as a dowel across the diagonal tension crack and thus tran 

mits some portion ol the shear In a beam without web reinforcement the 


division of the shear force between the compression zone and the tension 


reinforcement depends on the relative stiffmesses of these elements. — It 


believed that the stiffness of the reinforcement is small compared to the 


stiffness of the compression zone, and thus the portion of shear transmitted 
by the tension reinforcement may be neglected In a beam with web rein 
forcement the division of the shear force is more complicated but it is believed 


that even in this case the contribution of the longitudinal reinforcement to 


the transfer of shear is small and may ve neglected in the analyses 
The fourth assumption is valid only for restrained beams in which ful 
redistribution of stresses has taken place. It has been shown in Part 2° that 


i two diagonal cracks form as in | iy 3a. both the top and botsom longitudinal 


reinforcement is stressed in tension throughout the full region of maximum 


shear (between sections a-a and b-b in Fig. 3a), at least 


for beams with aed 
values not exceeding 4 


Kor the type ol londings used in this Investigation the critical section | 
located adjacent tO a load bearing blow k i¢ nt ection d-da or nut 


hig. 3a In developing the equations of equilibrium it will be 


ection b-b 


assumed 


that VW the negative moment, is greater than .V,, the positive 


moment 


In such a case, failure oecurs by destruction of the compression zone at 


section a-a either before or after the formation of the second crack. How 
ever, if the positive moment is greater than the negative moment, failure 
is associated with section 6b-b of maximum positive moment W,. Thus, in 
the final equations 7, should be regarded as the greater moment and 
as the smaller moment, and the equations may then be applied to eithe: 
‘ase 
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The shape of the stress block at failure, shown in Fig. 4, may be defined 
by parameters ky, ky, and ky; where k, k; f.’ defines the average stress and ky 


defines the location of the internal force C relative to the extreme outside 
fibers of the cross section 


General ultimate moment equation 

The portion of the restrained beam in Fig. 3a located to the left of the 
upper diagonal tension crack is shown in Fig. 3b as a free body. Since accord- 
ing to assumption 5 failure will occur at section a-a, the failure moment 


must satisfy the equation 


V, Vi, C' (d heok A) TP, d” + (1, sin @) 4 (7 


COS at) 
Furthermore, the equilibrium of horizontal forces requires that 
Cc I, + 7, + T, cosa 


Since by definition 7, pbhdf,, 7; pbdf, and C 2 ky ks f.' bd 


may be used for writing the following expression for 4 


Thus Eq. (a) may be written in the form 


. NV ph. sa sinha od 
- kK, ks f.' Kaif.’ bd d 


l, cosasy 


ki ks fe’ bd 


If it is assumed that 2, this equation may be written 


; T, sina 4 
. ki ks f.’ bd d 


Cok hgh bdk, 


Coethicients h P ho, ky 
ond A. ore defined , ‘ 
J ; Fig. 4—Properties of concrete stress block at 


in Definitions failure 





in which Z’ 


Kg. (3) may be regarded as a general equation for the ultimate moment 
resistance of reinforced concrete beams failing in shear. It is valid for both 
simple and restrained beams with or without web reinforcement. Since in 
its derivation compression reinforcement was considered as stressed in tension 
assumption 4), the stress f,’ must be substituted with a negative sign if a 


true compression reintorcement is present 


Ultimate moment equations for particular cases 

Mquations for particular types of beams may be derived from Eq 
substituting proper values of the various parameters 

| Restrained beam without web reinforcement In the absence of web 
reinforcement 7’ QO. If the redistribution of internal stresses is completed 
before failure, that is, if both the bottom and top longitudinal reinforcement 


is stressed in tension, then 


ind Z Z 


and the ultimate moment for beams failing in shear may 


If full redistribution has not occurred before failure, that is, if the longi 
tudinal reinforcement located in the compression zone ob conerete is stre sed 
In COmMpression, the ultimate moment may again he computed Irom log $i 
but in this case A pS. / pl However, since the compression rein 
forcement is usually located close to the neutral axis, the load carried by 
this reinforcement may be small and, as such, neglected Then f,’ Q and 
\ Z | should be substituted into Eq. (3a 

It was observed in this investigation that no well-defined differences existed 
between beams failing before and after the full redistribution of internal 

‘sses occurred; the ultimate strength computed on the assumption of full 
redistribution was in reasonable agreement with the test data for all beams 
However, the largest ratio of the effective shear span to the effective depth 
a’/d, encountered in the tests of restrained beams was 3.74. It is possible 
that for beams with larger a’/d values the assumption of full redistribution 
may not be applicable 

2 Restrained beams with vertical sti rup In this case a ) dey Ag 
Z, N’ V. Assuming that full redistribution of internal stresses took place 


the ultimate moment may be computed Irom 


V N pf. : N pf — 
Z j 
k, k. f.' bd ki ks f k, kaf f’ he 


3. Restrained beams with inclined stii “up In this case al iriables in the 
general equation must be considered and no Simplification In po ible 


} Simple heam without web reinforcement If there is no COMpression 
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reinforcement present or if it is assumed that f,’ Q, then also 


and the ultimate moment equation 


V pi 
ky kee f. bd ki ka f ) 
a) Simple heam with vertical firrup The inelination of stirrups a 
90 deg: assuming that f,’ 0, then also NV’ Mag 1, and the expression 
for the ultimate moment ts 
V 
ky ka fe’ bd ae} , ky ke f.! bd 


hor beams with compression reinforcement, the ultimate moment may be 


computed from Eq. (3b) with A yféops 
iF) Simple heams with inclined lirrup In this case the general equation 


should be used. If there is no compression reinforcement or if it is assumed 


that / QO. then \ land Z he effect of COMpresston 


reinforcement may be accounted for by setting N pd 


EMPIRICAL PARAMETERS FOR ULTIMATE STRENGTH ANALYSIS 


In keg. (3), expressing the ultimate strength of beams failing in shear, the 
strength of concrete J} ’; the dimensions of the cross section b, d, d’, d’, and 
p; and the inclination of the web reinforcement @ are known for any particular 
beam and loading whereas the steel stress f,; the parameters /y, fk. and / 
V,N’ and Z’; the force resisted by the web reinforcement 7',; and the distance 
rare not known. However, it is possible to determine some of these unknown 


quantities on the basis of existing experimental data 


Effect of continuity 

In the derivation of | | y the « Xpression | t p o” pl. Was denoted iis 
parameter J\ In restrained beams, in which full redistribution of stresses 
took place, the stresses in both the top and bottom longitudinal reinforce 
ment are approximately constant between sections a-a and b-b (Fig. 3a 
Magnitude of the tension force in the top reinforcement in Fig. 3b depends 
primarily on JV/,; similarly, magnitude of the foree in the bottom reinforce 
ment depends primarily on 3 

An expression for N in terms of M/, and J, may easily be developed for a 
restramed beam without web reinforcement on the assumption that at sections 
a-a and b-b the depth of neutral axis is the same. Then it can be shown 
by considering the equilibrium in free bodies A and B (Fig. 3a) that 

V/ Pod (1 / / / 

Vi Md a I’, | / 
Since the second terms on the right hand sides of both equations are small 
in comparison to the first terms, it may be written approximately that 

Mews Fee pbhdf, d pf, a 

M, T,d’~ p'bdf,d’ p’f.d 





Therefore parametel V may be expressed fis 
Vid 
V 

It was assumed in the derivation of log 3) that failure occurred at section 


a-a; therefore moment J/, in leq. (da) is the numeric: 
region and dis the effective 


tilly larger of the mo 


ments at the two ends of the maximum shear 


depth of the tension reinforcement at the critical section (corresponding to 


\/ 
The sume expression Tol V may be de rived for beam vith web reinforce 


by making additional approximations kor a imple beam. in which 


ment 


\/ 0, A equal to 1; this is in agreement with the original equation fon 


Is 


V for beams without compression remnborcement 


By definition parameter Z is 


\ 


Z ( ——— 


With parameter V defined by hog ba parameter Z may ‘valuated from 


log Hl) 


Properties of concrete stress block 


The properties of the stress block in conerete (Pig. 4) are defined with the 


ald of parameters / / and / In all equations parameters / and / “ppear 


product thus for the purposes of this analysis 1 ufficient to determine 


I and fr, / Unfortunately the test data available 


beams failing im shear 


iis 
values of parameters 


do not permit evaluation. © these parameters Tol 
However, the values of similar parameters for flexural failures may be detes 


text made i Canaston 


mined on the basis of extensive 


(jaston assumed that parametel / has a constant 


Q.42 
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termined decre: vith increasing 
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meters, this assumption makes it possible to predict the shear strength of 
reinforced concrete beams with reasonable accuracy 
Steel stress at failure of beams without web reinforcement 

The steel stress f, in hq. (3) is that existing at failure at the point of inter- 
section of the diagonal tension crack with the tension steel. However, in 
beams without web reinforcement the steel stress at the critical section is 
approximately the same as f, and may be determined as shown below. 

For a flexural compression failure the steel stress at failure may be deter- 
mined from the compatibility condition for strains. Similarly, the stress at 
shear failure may be evaluated from the physical requirement that the steel 
and concrete strains must be compatible. However, the compatibility con- 
ditions for the two types of failure differ in that for a flexural failure the strain 
distribution at the critical section is approximately linear and continuous 
whereas for a shear failure it is probably nonlinear or discontinuous. No 
data are available on the actual strain distribution at the critical section 
of a beam failing in shear, but a hypothetical strain distribution may be 
devised on the following basis 

It can be shown that the steel stresses at shear failure of simple and re 
strained beams without web reinforcement! are smaller than for a flexural 
compressive failure. Furthermore, at the eritical section of beams failing 
in shear the neutral axis is closer to the compression surtace ol the beam 
than it would be in comparable beams failing in flexural compression. — If 
it is then assumed that the stress in the extreme conerete “fibers”? at the 
section of shear failure is of the same order of magnitude at a shear failure 
as at a flexural failure, some nonlinear or discontinuous strain distribution 
is needed to satisfy the two conditions mentioned above On the basis of 
these considerations the hypothetical discontinuous distribution shown in 
hig. 5 as a full line was chosen for the purposes of this paper 

Krom the hypothetical strain distribution in Fig. 5 and from the equilibrium 
of horizontal forces [hog (c), N’ V], the steel stress f ina beam without web 
reinforcement may he expressed by the following equation 


Ki, ¢ 
le 


Compression 
Surtace~7 
4 rl 


Shear hd 


Failure ~ { kd 


* 
4 ! 


Flexural Compression 
Fail re 





| evel of Tension Stee/ Fig. 5—Hypothetical strain distribution at 
shear failure 





If it is assumed that the conerete strain e, at shear failure is the same for all 


beams failing in shear and that the paramete! ky is constant, the equation 


for steel stress may be written as 


1 
te 
Pp Ba/ky Ka f 
In this expression 1, and 1. are numerical constants which can be determined 
Irom tests 


It can be seen from the last expression that the steel stress at shear failure 
of simple beams (.\ 1) should depend primarily on the quantity ph, /kykyf 
The test data for simple beams are essentially in agreement with this eon 
clusion. Similarly, the steel stress for restrained beams should depend pri 
marily on the parameter Np FE, ky ky f.’; however, it was found from the 
test data that the steel stress for a restrained beam depends also on the ratio 
M,/Vd, where M and V are the moment and shear at the critical section 
respectively 

To obtain the empirical parameters for the ultimate steel stress equation 
the values of steel stress were computed from Eq. (3a) and (3c) using the 
ultimate moment determined from the test results and the appropriate value 
of N The stresses thus determined were plotted against N p By ky ky 
and curves satisfying hq. (d) fitted. In this manner it was found that the 


steel stress may be expressed AS 


O45 


for restrained beams, and sas 


for simple beams. The values of f, computed from the ultimate moment 

and the curves representing Iq. (Ga) and (6b) are shown in Fig. Ga and 6b 
Values of f, computed from keg. (6a) and (6b) were compared with steel 

stresses measured in tests. The agreement was found to be satisfactory 
The effect of 17) Vd on the steel stress at shear failure is illustrated in Fig 


7, in which f J is plotted as a function of JJ) Vd, where 


, ( 1450 ) 
{ 6.9 *~ IO ) | 
| V pE./ki ks! 


The data for restrained beams are plotted as solid cirele ind the data for 
simple beams are plotted as open eireles hog PE | and (Ob) are hown a 
lines It can be seen from hig 7 that for WoVd 1 the feel stre ( lor 
restrained and simple beams are approximately equa wheres at other 
values of W/Vd they are different It cannot determined from these 
tests whether the difference is real or Just a result of an inherent seatter in 


the test data <Ince thy eoverage of the V/ | ad. wh net uiftie if ntl \A ide 
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Fig. 6—Steel stress at failure of beams without web reinforcement 
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Fig. 7—Variation of steel stress at failure with M Vd 


Contribution of web reinforcement 
The contribution of web reinforcement to the shen trength of remforceed 


concrete beams depends on the magnitude ind location of the resultant 


tensile forces in the stirrup hig. 3b Since certain assumption 


he made regarding both of these eonvement to wt 


In the following horm 


is the same a 


Ihe first term on the right side of Iq. (1 


ny thie 
strength of beams without web reinforcement Since the steel stress f 


failure may be different for beams with web reinforcement than for beam 


vithout wel reinforcement 


(en tt) 


vhere A, is a dimensionless parameter and MV, is the 


in identical beam but without web 


it may be written that in Kq 


moment cua 


reiniorcement 
The crack pattern in the beams tested! ? indicates that only stirrups located 


between the Support and load bearing block di tance a”’ 
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contribute to the strength of the beam. Thus, the location of the resultant 


/ 


force in the stirrups is a function of distance a’ 


” 


ft toa NH 


where A, is a dimensionless parameter depending on the distribution of the 
stirrups, on the distribution of forces in the stirrups, and on the length of the 
diagonal crack. The magnitude of the resultant force in the stirrups depends 
on the total area of stirrups crossed by the diagonal crack and on the average 
stress In these stirrups. low many stirrups are crossed by the diagonal 


crack depends on the length of this crack which, in turn, is a function of the 


distance a’. Since the practical limit for the steel stress in stirrups is the 


yield point stress, the following expression may be written for the total force 
resisted by the stirrups 

/ 1,a" brf,, sin a (j 
where A, is a dimensionless parameter depending on the effectiveness of the 
web reinforcement and the length of the diagonal crack. If the crack extends 
throughout the full distance a”, if all stirrups reach yielding at failure of the 
beam, and if the stirrups are spaced uniformly, the web reinforcement is said 
to be fully effective; then the empirical parameter A 1.0 and A, 0.5 

After substituting from Hq. (g), (h), and (j), Iq. (f) may be written in 
the following form 


This equation may be simplified further since the expression in the first 
parenthesis is equal approximately to A», and the expression in the second 
parenthesis is equal approximately to [(a’’/d) sin @ + cos aj. If these simpli- 
fications are introduced, it may be written that 
hy Krf 
{ i} 


A sina | sina + (Ra) 
a 


The dimensionless parameters A,, A», and A, were evaluated from the 


where 


test data obtained in this investigation,'® by Moretto,* and by Clark.° For 
beams with inclined stirrups, parameter A, may be computed directly from 
iq. (7) since it has been observed in the tests of such beams that inclined 
stirrups were fully effective In such case 
| 0.5 and A 1.0 (Sa 

If M, test is substituted for M,, A, is the only unknown in Kkq. (7). Com- 
bined theoretical and empirical studies have resulted in Fig. 8, from which A, 
was expressed by the following semi-empirical equation 





HEAR STRENGTH OF BEAM 


0.66 OS N Z : COS Sa 
N pf. 
where f, is the steel stress for an identical beam but without web reinforce 
ment [lq. (6a) or (6b) |. Thus, the shear strength of beams with inclined 
stirrups may be computed from Eq. (7) with the aid of Eq. (Sa 
For beams with vertical stirrups, parameters A, and A, are not known in 
advance since it has been observed in the tests* that failure usually oceurs 
before all stirrups yielded or, in other words, the stirrups were not fully 
effective. Furthermore, it has been observed that the effectiveness decreases 
with increasing amount of web reinforcement. This is illustrated in Fig. 9 
in which the ratio of ultimate test moment VV, lest to the calculated moment 
WV,’ cale is plotted against rf,, b (a’")*?) M,’ cale for all pertinent beams, since 
for beams with vertical stirrups 
A 1.0 SI) 
It can be seen from Fig. 9 that the test data form a well-defined band 
within which no consistent variations can be observed with any of the test 
variables The band may be approximated by two straight lines having the 
following characteristics 
1 1Qand A, A 


1 1.38 and Ay, A 0.08 Rh, 
The set of coefficients giving the lower value of strength should be used 
Thus, the shear strength of beams with vertical stirrups may be computed 
from Eq. (7) with the aid of Eq. (Sb 
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Fig. 8—Empirical determination of parameter A 











The empirical parameters given by leq. (Sa) and (Sb) were derived from 
the tests of beams with stirrups of intermediate grade steel. Since in most 
beams at least a few stirrups yielded before failure occurred, these equations 
may not be applicable to beams in which the web reinforcement has properties 
substantially different from those of intermediate grade steel. Furthermore 
liq. (Sa) were derived from a very limited set of test data. Thus, caution 
should be exercised in applying these equations under conditions substantially 


different from those encountered in these tests 


Contribution of compression reinforcement 
The ultimate shear strength analysis presented in this paper is based on 
the assumption that shear failure is caused by destruction of the compression 
zone of conerete at the end of a diagonal crack. Tf this assumption is correct 
true compression reinforcement located in this compression zone should in 
use the shear strength Furthermore, concrete strains at failure of the 
compression zone are sufficiently large to justify the assumption that the 


compressive strains im the compression reinforcement should) exceed the 
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Fig. 9—Contribution of vertical stirrups 





yield point value hus, the effeet of true compression renntborcement on the 
shear strength should be accountable by setting \ | DS, /pj. in Eq 


3 where Ps is the yield point stress ol the compression remntorcement 


To check on the validity of this hypothesis regarding the effeet of the com 


pression remlorcement, the ultimate strength of simple heams of Series II] 


and of Moretto’s beams* was computed in two ways: (a) by neglecting the 
compression reinforcement and (b) by considering the compression reinforce 
ment fully effective (f,’ i, )*. For all beams without web reinforcement 
the agreement between the test data and the calculated values was better 
when the effects of compression remborcement were neglected Similar 
results were obtained for beams of Series III with web reinforcement (1) 
the other hand, for Moretto’s beams with web reinforcement the compression 
reiniorcement had to be considered frilly effective to chee] the test data 

It Is possible that in beams without web reinforcement the diagonal crack 


ustially propagates at least to the depth of the compression reinforcement 


it 


TABLE 4—COMPARISON WITH PREVIOUS TEST 
Simple Beams Without Web Reinforcement 


J 1 V 
VJ 





TABLE 5—COMPARISON OF TEST RESULTS AND CALCULATED VALUES 
Simple Beams With Stirrups 


My ca 
VM, teat 


*d 11.75 in.. effect 
th:ffeet of compression 
tWidth of load and 6 


forcement estimated as 





TRENGTH OF BEAM 


and thus renders this reinforcement ineffective or only partly effeetive. On 


the other hand, in beams with web reinforcement, in which the propagation 


of the diagonal crack Is more restricted, the compression reinforcement may 
be located in the compression Zone and thus may contribute to the shear 
strength Therefore, in) Moretto’s beams, which had a relatively small 
amount of compression reinforcement located approximately O.O8d below 


the top surface, the compression reinforcement was fully effective 


COMPARISON OF COMPUTED AND MEASURED ULTIMATE LOADS 


The ultimate moment resistance for restrained and simple beams without 
web reinforcement was computed from Hq. (3a) and (8¢) with the aid. of 
empirical parameters discussed previously for beams tested as part of this 
investigation,’ and for beams tested by Clark,® Moretto,4 and Richart and 
Jensen.'® The computed values are compared with the test data in Table 1 
for restrained beams and in Tables 3 and 4 for simple beams These com 


parisons may be summarized as follows 


Type +s Number verag Vi, cale Standard 
of beam of beams Vi, test deviation 


Restrained : O00 O00 
OS 1458 
WD OOS 
44 108 
gO) 
Simple II] RN7 
\ } O22 
b O44 
Clark QOS 


Moretto 33 
Richart and Jensen OOF 


2) 


for all beams 


Graphical comparisons between the measured and computed values of ulti 
mate moments are shown in Fig. 10a and 1Ob. These comparisons indicate 
that the analysis presented herein is in reasonable agreement with the 
experimental data 

Kor beams with stirrups, comparisons between measured and computed 
values of ultimate moment are given in Tables 2 and 5. The ultimate moment 
for these beams was computed Irom hag 7 with the aid of hog 3a) and 
(3c) and with the aid of empirical parameters discussed previously. These 
comparisons include the data obtained as a part of this investigation,! 
Clark’s data,® and Moretto’s data.‘ For the various groups of beams the 


comparisons may be summarized as follows 





Inclination o Number Vi, cale 


Standard 
ot be fans stirrups deg of be ith V test 


deviation 
Restrained OW) 1G 0 Q O79 
W) at 0 O70 
‘") ; 


Simple Ii] 87 


C lar} § O47 0 OO 
Moretto , G64 0 O58 


G24 
Average for all beams with vertical stirrups Y57 


Restrained | f OO4 


Simple Moretto i. O28 Q) ORT 
Oa) 0 O66 


Average for all beams with stirrups 74 


As for beams without web reinforcement, the agreement between the analyse 
and the test data is considered reasonable 

The various groups of simple and restrained beams included in these com- 
parisons covered wide ranges of variables. The major variables were the 
concrete strength, the percentage of longitudinal reinforcement, the per- 
centage and inclination of web reinforcement, the effective depth, and the 
length of shear span No consistent variations of the ratio MW, cale) M, lest 
were found with any ol the majo! variables 

The tests of simple beams included in these studies contained several 
minor Variables in addition to the major ones. These minor variables were 
the type of cement, the percentage of cement paste, the method of eurmeg, 
the type of conerete aggregate, and the arrangement of reinforcing bars 
Consistent variations of the ratio VW, cale/ M, test were found with the method 


of curmg, the type ol concrete aggregate, and the arrangement of reinforcing 


bars. A group of beams of Series B' cured under wet burlap and tested in a 


saturated wet condition was found to be approximately LO percent weaker 
than a group of similar beams cured in air and tested dry. The simple beams 
of Series A! included three groups in which only the number and sizes of 
bars were varied, the reinforcement percentage and concrete strength remain- 
ing almost constant. The ultimate strength of these simple beams was 
found to increase with decreasing stiffness of the reinforcement However, 
since the series included extreme arrangements of bars, this factor is probably 
of little significance in practical beams. The effect of using aggregates with 
properties markedly different from those of normal materials was also found 
to be important. It was found from the investigation reported by Richart 
and Jensen'® that for a number of beams made from Haydite aggregates 
(not included in Table 1) the average value of MW, cale/M, test was approxi- 
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Fig. 10—Ultimate moment resistance of beams failing in shear 
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mately 20 percent greater than that of a comparable group of beams made 
from normal gravel aggregates 


MODES OF FAILURE OF REINFORCED CONCRETE BEAMS 


In Fig. 11, the quantity Myi/kiksf,’ bd*® is plotted against EF, p/ky ks f.’ 
for three different modes of failure: 

1. Flexural tension failure computed according to Gaston® for the yield 
point stress of the tension reinforcement f, 15,000 psi and the modulus 
of elasticity of steel FE 30 * 10° psi 

2. Flexural compression failure computed according to Gaston! for 
E, 30 * 10° psi 

3. Shear failure computed for restrained beams according to Kq. (3a) for 
M/Vd 1.00, N 2,d” = 0.75d, and EF 30 & 10° psi; for simple beams 
according to Iq. (3c) for F, 30 & 10° psi; and for simple beams with 
vertical stirrups according to Eq. (7) for (rfey/ki ks fe )? 0.3 and 
E, = 30 X 10° psi 

It can be seen from Fig. 11 that beams without web reinforcement fail by 
yielding of tension reinforcement if the percentage of the tension reinforce- 
ment is very small. If, however, the percentage of the tension reinforcement 
is larger than a certain critical value corresponding to the intersection of the 
shear and flexure curves, the beam will fail in shear 
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Fig. 11—Modes of failure of reinforced concrete beams 
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The critical percentage of tension reinforcement may be raised by using 
web reinforcement as illustrated in Fig. 11 If a sufficient amount of web 
reinforcement is provided, flexural compression failure may be obtained 

According to Fig. 11, beams without web reinforcement fail either by 
vielding of tension reinforcement or by shear. However, tests by Johnson! 
have shown that simple beams without web reinforcement may fail in flexural 
compression. All of Johnson’s beams had an ad value of 11.5, which is 
considerably more than any a/d value encountered in this study. Further- 
more, Johnson’s beams failed before formation of diagonal tension cracks 

According to Fig. 11, beams with higher percentage of tension reinforce 
ment than the critical possess higher flexural strength than shear strength 
Johnson's tests suggest that in such beams the mode of failure may depend 
on the a/d value as follows. If the ratio is relatively small, diagonal tension 
cracks form, and the beam fails in shear at a load higher than the cracking 
load If, on the other hand, a/‘d is very large, the beam will probably fall 
in flexure before the formation of diagonal tension cracks; since diagonal! 
tension cracking does not occur, the beam cannot fail in shear.  [t is possible 
that beams with moderately large a/d values fail simultaneously with the 
formation of the first diagonal crack at a load higher than would be expected 
for a shear failure but lower than would be expected for a flexural failure 
These beams failing by what may be termed ‘a diagonal tension failure’ 


would represent a transition from shear to flexural failures. experimental 


evidence available at present is insufficient, however, to prove ol disprove 


this hypothesis regarding the effect of the ratio a/d on the mode of failure of 


reinforced concrete beams 


SUMMARY 


Tests of 136 simple and restrained beams of rectangular cross section 
failing in shear and deseribed in Parts 1, 2, and 3 have indicated that 
for predicting the capacity of such beams it may be necessary to know their 
diagonal tension cracking load and shear strength. An analysis of the results 
of these tests led to the development of analytical expressions for the diagona! 
tension cracking strength and the shear strength of restrained and simple 
reinforced concrete beams, loaded with one or two concentrated loads im the 
span These expressions were checked also against earlier tests made by 
Clark, Moretto,4 and Richart and Jensen.'® The results of these studie 
may be summarized as follows 

| Initial diagonal tension cracking may be predicted on the basis of the 
nominal shearing stress v, given by hq. (1 Within the ranges of variable 
covered by the tests of this investigation, the diagonal tension strength 
expressed by Iq. (1) depends primarily on the strength of conerete f,’ and 
on the ratlo V Vd These equations hould not be used for beams with 
M/Vd lMarger than 3.5 

2. Initial diagonal tension cracking may produce an immediate failure of 


the beam. If, however, the beam is able to sustain further increases of load 
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a redistribution of internal stresses takes place. In restrained beams the 
redistribution of internal stresses due to formation of diagonal tension cracks 
is sald to be completed when the second major diagonal tension erack is 
fully formed. The formation of this second crack may be predicted approxi- 
mately on the basis of the nominal shearing stress v,/ which may be computed 
from Iq. (2 

3. If a beam is able to sustain increases of load beyond the eracking load 
it may finally fail in shear. The presence of the diagonal tension crack is 
a necessary condition for shear failure. The shear failure occurs at the section 
of maximum moment in the region ol maximum shear by destruction of the 


COMPpression Zone directly above Ol below the diagonal tension erack 


Shear strength of reinforced concrete beams may be predicted with the 
an ultimate moment equation, the general form of which is listed as 
liq. (3) was developed from conditions of statieal equilibrium with 
the aid of several assumptions based on test observations 
5. Shear strength of restrained beams may be computed from the following 
equations: 
it. Beams without web reinforcement lq. (3: 5), and (6a 
b. Beams with vertical stirrups: liq. (7 d ( 5), (6a), and (Sb) 
( Beams with inclined stirrups: Iq. (7), (3a), (4), (5), (64), and (Sa 
log (4) are based on the “assumption that the failure takes place after the 
redistribution of internal stresses has been completed. Tests have shown 
that this assumption is justified for beams with a’/d equal to or smaller than 
3.4 No data are available for restrained beams with larger a’ d values 
(. Shear strength of simple beams may be computed from the following 
equatlons 
i. Beams without web reinforcement 3c), (5 ind (6b 
b. Beams with vertical stirrups kg. 7 3 5), (6b), and (Sb 


( Beams with inclined stirrup Eg. (7 3c), (5), (6b), and (Sa) 


7. eq. (3) and (7) are rational; they are based on general assumptions 


borne out by tests and on the principles of staties. But Eq. (4), (5), (6 
and (8) used in conjunction with Iq. (3) and (7) contain several empirical 
parameters evaluated from the test data, which were not very extensive in 
some cases. It is probable, therefore, that revisions of these empirical con 
stants on the basis of additional experimental evidence would result in a 
better correlation between the calculated and test values of the cracking 
and ultimate loads 

S. The equations presented in this paper apply only to statically deter 
minate beams loaded in such a manner that the maximum shear is constant 
over a& portion of the span and the maximum moment occurs at one or both 
ends of the region of maximum shear Thus, they are not applicable to 
beams loaded with distributed or multiple concentrated loads 

9. In considering the mode of failure of a reinforced concrete beam, oné 
has to consider both its flexural and sheas Capacity If the flexural CAPAcily 
is smaller than the shear capacity, the beam will fail in flexure. If, however 


the shear capacity is the smaller of the two, three modes of failure are believed 





to be possible 1) a shear failure, if the shear failure load computed from 


Iq. (3) or (7) is greater than the cracking load computed from Hq. (1); (2 
a failure simultaneous with first diagonal tension cracking, if the eracking 
load is greater than the shear failure load but smaller than the flexural failure 
load; and (3) a flexural failure, if the flexural failure load is smaller than the 
cracking load. It should be noted that only a few failures of type (2) and 
no failures of type (3) were observed in this investigation lurthermore 
the limit between the failures of types 2) and (3) eannot be determined 
with the aid of hig | since this limit pertains to large ad values and ts 
probably outside the range of applicability of Iq. (1 hus, the transition 


from shear failures to flexural failures needs additional study 
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